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A curve  of  wall  speed  vs.  wall  stress  for  a strongly  temperature  thinning 
liquid  turns  out  to  be  double- valued.  The  stability  of  this  curve  turns  out  to  be 
surprising.  At  constant  wall  speed,  the  curve  is  completely  stable  while  at  constant 
wall  stress,  it  is  partly  stable.  This  result  is  independent  of  the  Prandtl  number  of 
the  fluid  in  the  gap.  Yet  the  Prandtl  number  can  be  used  to  decide  whether  it  is 
the  velocity  perturbations  or  the  temperature  perturbations  that  predict  the  fate  of 
the  disturbances.  Experiments  confirmed  the  predictions  at  constant  wall  speed  but 
not  the  predictions  at  constant  wall  stress.  This  was  puzzling.  However  it  seems 
that  it  is  the  power  to  the  fluid  that  is  the  real  input  to  the  flow,  not  the  wall 
speed  nor  the  wall  stress.  The  stability  results  at  constant  power  then  explain  the 
complete  stability  seen  in  the  experiments.  Then  it  was  proved  that  power,  the  input, 
cannot  be  used  to  run  experiments  at  constant  wall  stress.  These  conclusions  bear 
on  the  problem  of  Taylor-Couette  instability.  The  calcidations  in  this  case  match  the 
experimental  results.  However  the  calculations  are  performed  at  constant  wall  speed 
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whereas  the  experiments  must  be  done  at  constant  power.  This  is  surprising  but 
what  we  have  shown  is  that  these  two  conditions  become  identical  when  the  mass  of 
the  wall  becomes  large.  And  this  is  what  we  think  happens  in  experiments. 


XIV 


CHAPTER  1 

THE  PROBLEM  AND  AN  EXPLANATION  OP  ITS  PHYSICS 


The  aim  of  this  thesis  is  to  understand  some  of  the  interesting  phenomena 
that  occur  when  a viscous  liquid  with  a temperature  dependent  viscosity  is  made 
to  undergo  a shearing  flow.  We  will  begin  this  by  hrst  describing  the  problem  and 
explaining  its  physics.  To  do  this,  we  will  consider  plane  Couette  flow,  the  simplest 
of  shearing  flows. 

Consider  a viscous  liquid  in  plane  Couette  flow  with  a fixed  bottom  wall 
and  a moving  top  wall  illustrated  in  figure  1.1.  One  way  of  realizing  this  flow  in 
an  experiment  is  to  set  the  speed  of  the  moving  wall  while  measuring  the  shearing 
stress  that  the  fluid  exerts  on  this  wall.  This  is  obtained  by  measuring  the  force  on 
the  wall  required  to  obtain  the  desired  speed.  A curve  of  the  wall  speed  vs.  the 
shear  stress  exerted  by  the  fluid  on  the  wall  could  then  be  drawn  to  characterize  the 
experiment  and  we  call  this  the  base  curve.  The  shape  of  this  base  curve  turns  out  to 
be  dependent  on  the  strength  of  the  viscosity-temperature  relationship.  To  get  a feel 
for  this,  first  observe  that  as  the  top  wall  moves,  frictional  heat  is  produced  due  to 
shear  between  adjacent  fluid  layers  and  a temperature  rise  is  required  to  dissipate  the 
frictional  heat  produced.  Assuming  that  the  walls  are  held  at  constant  temperature, 
a temperature  profile  is  set  up  in  the  gap  with  the  temperature  rise  being  greater 
at  points  farther  from  the  boundary.  Now,  the  viscosity  of  the  liquid  is  dependent 
on  its  temperature.  The  question  then  is  what  happens  to  the  wall  shear  stress  as 
the  wall  speed  is  increased.  In  trying  to  answer  this  (luestion,  we  will  first  assert 

that  the  shear  stress  across  the  gap  is  a constant.^  Therefore,  we  can  replace  the 

Hf  a model  is  written  for  the  base  flow,  then  it  becomes  obvious  that  the  shear  stress  across  the 
gap  is  indeed  a constant.  However,  at  this  stage  we  will  just  pretend  this  is  true. 


1 


2 


constant  temperature  moving  top  wall 

^ 


fixed  bottom  wall 

Figure  1.1:  Illustration  of  plane  Couette  flow 

stress  at  any  position  in  the  gap.  Now,  the  shear  stress  at  any  position  is  equal  to  the 
product  of  the  viscosity  and  the  velocity  gradient  at  that  position.  We  will  pretend 
that  the  velocity  gradient  is  the  velocity  of  the  w'all  divided  by  the  gap  width  and 
the  viscosity  is  the  lumped  average  viscosity  of  the  liquid  in  the  gap.  This  simplified 
picture  of  the  problem  in  fact  turns  out  to  be  sufficient  to  capture  the  essence  of 
the  physics  of  the  base  curve  at  this  stage  wherein  only  rough  arguments  are  being 
advanced.  We  will  later  on  And  in  an  endnote  of  chapter  2 that  a heuristic  model 
of  this  flow  based  on  this  simplified  picture  captures  all  of  the  essential  qualitative 
features  of  this  problem.  Now,  typically,  viscosity  of  liquids  decrease  with  an  increase 
in  temperature.  Therefore,  we  And  that  with  an  increase  in  the  speed  of  the  wall,  the 
viscosity  of  the  liquid  in  the  gap  falls  while  the  velocity  gradient  increases.  Hence, 
an  estimate  of  how  the  wall  shear  stress  behaves  as  the  speed  of  the  w'all  increases, 
turns  out  to  be  dependent  on  the  strength  of  the  viscosity-temperature  relationship. 

At  low  wall  speeds,  the  frictional  heat  generated  is  small.  Consequently,  the 
temperature  rise  is  small  and  so  too  is  the  decrease  in  the  viscosity  of  the  liquid. 
Therefore,  one  can  imagine  that  the  increase  in  velocity  gradient  is  stronger  than 
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the  decrease  in  viscosity  and  that  the  wall  stress  increases  with  an  increase  in  wall 
speed.  However,  with  a high  enough  increase  in  the  wall  speed,  the  temperature  rise 
may  be  strong  enough  to  cause  an  appreciable  decrease  in  the  viscosity.  Therefore, 
the  wall  stress  can  either  increase  or  decrease  depending  on  whether  the  product 
of  the  viscosity  and  the  velocity  gradient  increases  or  decreases.  If  the  increase 
in  velocity  gradient  is  greater  than  the  decrease  in  viscosity,  the  product,  the  wall 
stress,  increases  with  an  increase  in  wall  speed.  However,  if  the  increase  in  velocity 
gradient  is  weaker  than  the  decrease  in  viscosity,  the  wall  stress  decreases  with  an 
increase  in  wall  speed.  Thus  the  relationship  between  the  viscosity  of  the  liquid  and 
its  temperature  determines  the  shape  of  the  base  curve,  i.e.,  the  wall  speed  vs.  the 
wall  stress  curve.  If  the  fluidity,  which  is  the  reciprocal  of  viscosity,  increases  weakly 
with  temperature  such  that  the  increase  is  less  than  proportional  to  the  increase 
in  temperature,  then  it  turns  out  that  the  wall  stress  continuously  increases  with  an 
increase  in  wall  speed  but  the  rate  of  increase  in  the  wall  stress  becomes  progressively 
weaker.  If  the  fluidity-temperature  relationship  is  exactly  linear,  then  it  turns  out 
there  is  an  upper  bound  on  the  wall  stress  and  for  every  possible  wall  speed  there 
corresponds  a wall  stress  lower  than  this  upper  bound.  The  curve  does  not  bend  back. 
On  the  other  hand,  if  the  relationship  is  stronger  than  linear,  say,  exponential,  then 
it  turns  out  that  the  base  solution  has  two  values  of  wall  speed  for  every  wall  stress 
below  a maximum.  In  this  case,  we  And  that  as  we  increase  the  wall  speed,  the  wall 
stress  increases  along  a ’lower  branch’.  Along  this  branch,  the  increase  in  velocity 
gradient  is  stronger  than  the  decrease  in  viscosity  and  even  though  the  wall  stress 
increases  it  rate  of  ascent  continues  to  fall.  A point  is  reached  where  the  wall  stress 
reaches  a maximum.  With  a further  increase  in  wall  speed,  the  wall  stress  actually 
decreases  and  the  curve  bends  back  thus  generating  an  ’upper  branch’.  Along  this 
branch,  the  decrease  in  viscosity  is  stronger  than  the  increase  in  velocity  gradient. 
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Figure  1.2:  Wall  speed  vs.  the  Wall  shear  stress  curve  for  various  fluidities 

Figure  1.2  shows  how  the  curve  of  wall  stress  varies  qualitatively  with  the  wall 
speed  for  plane  Couette  flow  of  a fluid  with  a temperature  dependent  viscositv.  It 
turns  out  that  any  measure  of  temperature  rise,  say  the  maximum  temperature  in  the 
gap  can  replace  the  wall  speed  on  the  ordinate.  Three  different  curves  are  depicted 
in  the  figure.  The  first  case  is  for  a fluidity  weaker  than  linear,  the  second  for  a linear 
and  the  third  for  an  exponential.  On  the  curve  for  exponential  fluidity.  L denotes  the 

lower  branch.  N the  nose  of  the  curve  where  the  maximum  shear  stress  is  obtained 
and  U denotes  the  upper  branch. 

While  the  base  curve  is  interesting,  its  stability  to  small  disturbances  is  even 
more  interesting.  To  see  this,  let  us  ask  whether  a small  perturbation,  if  imposed 
on  the  flow  at  any  point  on  the  base  curve,  will  grow  or  decay.  The  answer  turns 
out  to  be  dependent  on  the  requirements  the  perturbation  must  satisfy.  In  thinking 
about  how  and  where  a perturbation  may  be  imposed,  we  realize  that  any  point  on 
the  base  curve  may  be  obtained  by  running  up  the  wall  speed.  Having  reached  a 
point  on  the  base  curve,  a perturbation  may  be  imposed  such  that  either  the  velocity 
disturbances  or  the  stress  disturbances  at  the  moving  wall  are  required  to  vanish. 
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Figure  1.3:  Schematic  of  Couette  flow  with  arbitrary  perturbations  on  the  base  ve- 
locity 

Then  the  question  arises  as  to  whether  there  is  any  qualitative  difference  between 
these  two  cases. 

An  explanation  is  put  forth  to  suggest  that  there  is  indeed  a difference  in 
the  rate  at  which  perturbations  grow  or  decay  under  these  two  conditions  and  hence 
provides  a motivation  for  the  stability  calculations  to  be  performed  under  these  two 
conditions:  To  understand  the  difference,  consider  a disturbance  given  to  the  velocity 
field.  This  disturbance  has  to  diffuse  through  to  the  boundaries  and  the  kinematic 
viscosity,  the  viscosity  of  the  liquid  divided  by  its  density,  is  the  diffusivity  for  the 
disturbance  to  be  carried  away  to  the  boundaries.  Now  as  the  velocity  field  produces 
frictional  heat,  a perturbation  to  the  velocity  field  produces  a perturbation  to  the 
temperature  in  the  gap.  So,  the  viscosity  of  the  liquid  in  the  gap  changes  from 
its  base  viscosity  profile.  However,  to  simplify  the  thinking,  we  will  assume  that 
the  disturbance  imposed  to  be  ’special’  in  the  sense  that  only  the  velocity  field  is 
perturbed  and  the  base  temperature  profile  and  hence  the  base  viscosity  profile  are 
unaffected  by  this  disturbance.  As  the  base  temperature  profile  has  a maximum  at 


6 


the  channel  centre,  it  follows  that  the  base  viscosity  profile  has  a minimum  at  the 
channel  center.  Therefore,  assuming  that  the  density  is  a constant,  the  diffusivity  for 
the  velocity  perturbation  is  minimum  at  the  channel  center. 

The  bottom  wall  is  fixed  and  hence  the  velocity  perturbations  on  it  vanish. 
Now,  when  the  velocity  perturbations  vanish  on  the  top  wall  too,  then  the  velocity 
disturbance  can  diffuse  through  both  the  boundaries  as  there  is  a momentum  sink 
on  both  the  boundaries.  On  the  other  hand,  when  the  stress  perturbations  vanish  on 
the  top  wall,  the  velocity  disturbance  can  leak  only  through  the  bottom  wall.  The 
wall  at  the  top  does  not  allow  any  perturbation  to  leak  through.  It  is  adiabatic  to 
momentum. 

Now,  consider  an  arbitrary  velocity  disturbance  close  to  the  top  of  the  channel. 
Under  conditions  of  constant  wall  speed  on  the  top  wall,  the  disturbance  can  just 
diffuse  through  the  top  wall  but  under  conditions  of  constant  wall  stress,  it  has  to 
cross  the  entire  width  of  the  channel  before  it  can  leak  out  through  the  bottom.  In 
doing  so,  it  has  to  cross  the  center-line  wherein  the  temperature  is  at  its  highest 
and  hence  the  viscosity  is  at  its  lowest.  Therefore,  it  is  conceivable  that  a velocity 
disturbance  would  take  a longer  time  to  cross  this  region  than  in  the  case  where  the 
velocity  perturbations  die  out  at  both  walls. 

It  is  worth  recalling  in  the  above  argument  that  we  have  discarded  the  tem- 
perature perturbations  that  arise  out  of  the  imposed  velocity  perturbations.  In  other 
words,  a purely  mechanical  argument,  i.e.,  one  which  is  based  only  on  the  decay  of 
the  velocity  perturbations  alone,  has  been  put  forth,  suggesting  that  perturbations 
at  constant  wall  stress  persist  longer  than  perturbations  at  constant  wall  speed. 

The  above  picture  of  the  decay  of  perturbations  therefore  suggests  that  there 
is  indeed  a difference  in  the  rate  at  which  perturbations  decay  in  these  two  cases 
and  hence  gives  us  a motivation  to  study  the  stability  of  the  problem  in  these  two 
cases.  In  fact,  this  is  the  foundation  on  which  we  will  build  further  to  explain  how 
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perturbations  grow  or  decay  in  this  problem  and  what,  if  any,  are  the  modes  of 
instability  in  this  flow.  As  all  of  our  physical  notions  on  the  stability  to  disturbances 
in  these  kinds  of  shear  flow  rest  on  first  understanding  the  characteristics  of  the  base 
curve  and  its  properties,  we  begin  our  study  by  first  studying  the  base  state.  However, 
before  proceeding  to  study  the  base  state,  we  will  discuss  whether  the  ideas  that  we 
introduced  to  get  a feel  for  the  shape  of  the  base  curve  and  the  dependence  of  its 
stability  on  the  restrictions  placed  on  the  boundaries  can  be  carried  over  to  other 
simple  shear  flows  like  circular  Couette  flow  and  Poiseulle  flow  in  a channel. 

Earlier  in  this  chapter,  we  suggested  that  the  shape  of  the  base  curve  of  the 
wall  speed  vs.  the  wall  stress  is  dependent  on  the  strength  of  the  fluidity- temperature 
relationship.  This  turns  out  to  be  true  as  we  will  see  later  on  in  this  thesis.  In  fact  it 
turns  out  that  for  a strong  fluidity-temperature  relationship  like  the  exponential  law, 
the  wall  stress  initially  increases  with  an  increase  in  wall  speed,  reaches  a maximum 
and  then  with  a further  increase  in  the  wall  speed  bends  back  and  decreases.  The 
same  behaviour  carries  over  to  shear  flow  situations  like  circular  Couette  flow  and 
Poiseulle  flow  in  a pipe.  The  curve  of  torque  vs.  the  ’rpm’  of  the  rotating  cylinder 
in  azimuthal  flow  between  concentric  cylinders  and  the  curve  of  the  pressure  drop 
vs.  the  flow  rate  for  laminar  flow  in  a channel  show  a similar  trend.  Thus,  for  an 
exponential  fluidity  dependence  on  temperature,  there  is  an  upper  bound  for  the 
torque  in  circular  Couette  flow  and  an  upper  bound  for  the  pressure  drop  in  Poiseulle 
flow  beyond  which  no  simple  solutions  exist. 

Another  aspect  of  the  physics  of  the  flow  that  we  were  interested  in,  in  the  main 
body  of  this  chapter,  is  the  stability  of  the  plane  Couette  flow  to  small  disturbances. 
We  provided  an  argument  to  suggest  that  the  case  of  constant  wall  stress  is  more 
unstable  than  the  case  of  constant  wall  speed.  Now,  let  us  see  whether  this  argument 
can  be  extended  to  circular  Couette  flow  and  Poiseulle  flow  in  a channel. 
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For  the  case  of  a circular  Couette  flow  between  concentric  cylinders,  we  can 
imagine  running  up  the  rpm  of  the  rotating  cylinder  and  then  holding  either  the 
torque  or  the  rpm  of  the  rotating  cylinder  fixed  at  a point  on  the  base  curve.  Let  us 
assume  that  the  outer  cylinder  is  rotated  and  that  the  inner  cylinder  is  fixed  and  let 
us  also  assume  that  both  walls  are  held  at  constant  temperature.  Then  extending  the 
argument  provided  earlier  in  this  chapter,  it  is  not  difficult  to  see  that  an  arbitrary 
perturbation  would  take  a longer  time  to  decay  if  the  torque  on  the  outer  cylinder 
is  held  fixed  as  compared  to  the  case  where  the  rpm  of  the  rotating  cylinder  is  held 
fixed.  This  is  due  to  the  fact  that  holding  the  torque  fixed  on  the  outer  cylinder 
makes  it  adiabatic  to  momentum.  Thus  the  stability  arguments  that  we  presented 
for  plane  Couette  flow  carry  over  to  circular  Couette  flow;  a restriction  of  constant 
torque  is  more  unstable  than  a restriction  of  constant  rpm.  In  fact,  this  turns  out  to 
be  useful  to  know  as  experiments  are  easier  to  perform  in  a circidar  geometry  while 
calculations  are  easier  to  perform  in  a planar  geometry.  Therefore,  conclusions  about 
experiments  in  circular  Couette  flow  can  be  drawn  based  on  calculations  performed 
on  plane  Couette  flow. 

Extending  this  stability  argument  to  Poiseulle  flow  in  a channel  is  not  straight 
forward.  The  reason  is  that  one  cannot  imagine  holding  the  pressure  drop  fixed,  even 
in  a thought  experiment  ! This  can  be  seen  by  the  following  illustration;  In  fig.  1.4 
there  is  a flow  across  the  horizontal  section  of  the  channel.  The  pressure  at  point 
A on  the  pipe  is  held  constant  by  maintaining  a constant  hydrostatic  head.  This 
in  turn  is  achieved  by  adding  the  liquid  to  maintain  a constant  level.  However,  the 
pressure  at  point  B which  is  the  outlet  of  the  pipe  cannot  be  preset,  i.e.,  it  cannot 
be  fixed.  In  fact,  there  is  no  reason  to  believe  that  for  a general  case,  the  pressure  at 
point  B is  not  a function  of  the  transverse  position  even  though  for  laminar  flow  in 
a pipe  it  is  so.  Thus,  even  in  a thought  experiment,  one  can  imagine  only  setting  the 
flow  rate  fixed  and  not  the  pressure  drop.  The  pressure  drop  can  only  be  a response. 
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Figure  1.4:  Illustration  of  Poiseulle  flow  in  a pipe 


Hence,  the  stability  arguments  we  presented  for  plane  Couette  flow  cannot  be  directly 


extended  to  Poiseulle  flow  in  a channel. 


CHAPTER  2 
THE  BASE  STATE 


In  chapter  1,  we  conjectured  that  a nose  might  arise  on  the  base  curve  of 
the  wall  speed  vs.  the  wall  stress  if  the  viscosity-temperature  dependence  is  strong 
enough.  Eurther,  we  also  presented  a picture  argument  based  only  on  looking  at  the 
mechanical  disturbances  to  suggest  that  the  rate  of  decay  of  disturbances  at  a point 
on  the  base  curve  is  dependent  on  the  restrictions  placed  on  them.  To  verify  the 
conjectures  made  in  chapter  1,  we  hist  need  to  write  a model  to  describe  the  base 
state  and  then  make  calculations  based  on  the  model  to  obtain  the  base  curve.  After 
doing  this,  the  stability  of  the  base  state  needs  to  be  inspected  by  imposing  a small 
perturbation  around  the  base  state  and  calculating  its  evolution.  This  chapter  will 

focus  only  on  the  discussion  of  the  model  needed  to  produce  the  base  curve  and  its 

/ 

properties.  We  begin  by  hrst  writing  the  equations  of  motion  and  the  equation  of 
thermal  energy  that  describe  the  base  state.  This  will  be  done  for  both  plane  Couette 
flow  and  circular  Couette  flow,  the  latter  being  significant  in  running  experiments. 
We  then  present  a scaling  which  will  help  us  shift  smoothly  from  the  circular  Couette 
flow  equations  to  the  plane  Couette  flow  equations  as  the  gap  width  goes  to  zero.  This 
scaling  comes  in  handy  as  we  go  along  as  it  enables  us  to  make  conclusions  about 
the  physical  experiments  in  circular  Couette  flow  based  on  calculations  performed 
for  plane  Couette  flow.  Further,  we  will  establish  a rigorous  method  to  predict  when 
a nose  ought  to  occur  in  the  base  curve  of  the  wall  speed  vs.  the  wall  stress.  In 
addition,  we  will  also  obtain  a result  on  how  the  three  most  important  quantities 
in  the  flow,  the  wall  speed,  the  maximum  temperature  in  the  gap  and  the  shear 
stress  across  the  gap  are  related.  We  will  also  present  a rough  argument  based  on  the 
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temporal  behaviour  of  thermal  disturbances  to  suggest  that  perturbations  at  constant 
wall  stress  may  be  more  unstable  than  perturbations  at  constant  wall  speed.  This 
is  interesting  as  we  will  then  have  arrived  at  the  same  result  as  earlier  when  only 
mechanical  perturbations  were  considered.  The  verification  of  these  arguments  for 
the  stability  of  the  base  state  will  be  made  in  the  next  chapters  by  carrying  out  a 
perturbation  calculation  and  calculating  the  rate  of  growth  or  decay  of  perturbations. 

2.1  The  Model 

In  Chapter  1 we  recognized  that  the  definitive  feature  that  determines  the 
shape  of  the  base  curve  is  the  strength  of  the  dependence  of  the  viscosity  of  the 
liquid  on  its  temperature.  In  general,  the  density,  heat  capacity  and  the  thermal 
conductivity  of  liquids  depend  less  strongly  on  temperature  than  does  the  viscosity. 
Therefore,  we  write  the  model  for  the  flow  holding  the  density  and  the  thermal 
conductivity  fixed.  Under  these  conditions,  we  write  the  equation  of  motion  for  a 
solenoidal  velocity  field  as 

p—  + pv.Vv  = — Vp  + 2Vu,.D  + nV^v  (2.1) 

ot 

and  the  equation  of  energy  as 

f)T 

pCy— + pCy^r.VT  = kV^T + 2pD:  D (2.2) 

at 

where  2D  is  (Vv  + Vv^). 

Now,  the  base  state  describes  one  class  of  solutions  to  the  non-linear  model. 
To  obtain  the  base  equations  and  hence  the  base  solution,  we  look  for  a flow  that  is 
steady  and  unidirectional.  Also,  we  look  for  the  condition  that  the  heat  flux  in  the 
base  state  is  transverse  to  the  flow  such  that  v.VT  = 0.  It  turns  out  in  this  case  that 
a solution  can  be  obtained  under  these  assumptions.  When  we  describe  the  base  flow, 
we  will  add  the  subscript  zero  to  v,p  and  T and  denote  the  corresponding  viscosity 
by  po  which  is  shorthand  for  p{Tq). 
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Figure  2.1:  Schematic  of  Plane  Couette  flow 


2.2  The  Bage  Equations 


Figure  2.1  illustrates  a plane  Couette  flow  setup  where  the  fluid  flows  in  the 

2 direction  in  the  gap.  To  obtain  the  base  equations,  we  substitute  v = Ujg(a;)k  and 

T = To{x)  into  the  model  to  get  the  following  equations  of  motion  in  the  'x'  and  'z' 
directions. 


The  thermal  energy  equation  becomes 


(2.3) 

(2.4) 


The  boundary  conditions  to  be  satisfied  are 


v,yx  = -L)  = (x  = +L)  = lo,To(x  = +L)  = 


T^,To{x  = -L)=T^ 


The  second  differential  equation  tells  us  that  the  shear  stress  t^2o 
constant  across  the  gap  and  in  terms  of  the  model  is  simply 


J -L  /^o 


and 


IZl) 


Mo 


is 


(2.6) 


(2.7) 
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Figure  2.2:  Schematic  of  Circular  Couette  flow 

The  first  term  in  the  temperature  equation  describes  the  rate  at  which  heat  is 
being  conducted  to  the  boundaries  and  the  second  term  describes  the  heat  generation 
by  viscous  dissipation.  It  is  worth  noting  that  this  equation  bears  some  resemblance 
to  a model  of  thermal  ignition  in  a catalyst  pellet.  More  on  this  will  be  discussed  in 
an  endnote  to  this  chapter. 

The  experiments  to  realize  this  flow  are  more  easily  performed  in  a circular 
Couette  flow  rather  than  in  a plane  Couette  flow  configuration.  This  being  the 
case,  the  base  equations  for  circular  Couette  flow  will  be  presented  alongside  the 
corresponding  equations  for  plane  Couette  flow. 

Figure  2.2  illustrates  a circular  Couette  flow  setup.  Here,  the  fluid  flows  in 
the  azimuthal  direction  in  the  gap  between  the  two  concentric  cylinders.  The  radius 
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of  the  inner  cylinder  is  ri  and  the  radius  of  the  outer  cylinder  is  r'2.  In  keeping  with 
the  assumptions,  we  put  v = veQ{r)ig,  p = po{r)  and  T = To(r)  to  obtain  the  r and  9 
components  of  the  equation  of  motion, 


r 


dpo 

dr 


0 = 


dr 


’ 3 

r Po 


dr 


r 


with  the  boundary  conditions 


veo(r  = r-i)  = Vo,  -%(r  = n)  = 0 


This  equation  tells  us  that  the  quantity  (^)  is  a constant  across  the  gap  and 

in  fact  27rr^/io^  ( r ) torque  per  unit  length. 

The  equation  of  thermal  energy  is 


, 1 (1 
0 = k- 


clT, 


r 


0 


r dr  V dr 


+ k'O 


r 


veo 


dr 


r 


with  the  following  boundary  conditions 


= ri)  = T, 


Let  us  digress  a moment  and  make  some  observations  about  the  boundary 
conditions  on  velocity.  In  writing  the  boundary  conditions,  we  have  assumed  that  the 
outer  cylinder  is  rotated  while  the  inner  cylinder  is  held  fixed.  It  may  be  shown  for  the 


flow  of  an  inviscid  fluid  between  concentric  cylinders  that  the  azimuthal  flow  between 
concentric  cylinders  is  stable  to  centrifugal  instability,  if  the  angular  momentum  per 
unit  volume  increases  with  an  increase  in  radius.  The  condition  to  be  satisfied  for 


stabilitv  is  then 


d 

d? 


- [pr^QoY  > 0 


where  Qq  is  the  angular  speed  vg^/r.  For  the  al)Ove  choice  of  l)oundary  conditions,  the 
angular  momentum  is  stably  stratified  if  an  inviscid  fluid  adopted  the  corresponding 
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velocity  profile.  To  see  this,  first  observe  that  the  condition  to  be  looked  at,  when 


the  densitv  is  a constant  is 


dr 


(r^Qo)^  > 0 


where  is 


^2 

^ Jr—ri  fiQ  r'^ 


when  the  outer  cylinder  is  spun  with  an  angular  speed  0.2 


nr=r2  J_^ 

Jr=ri  (.iQ 

and  the  inner  cylinder  is  held  fixed.  Therefore  the  condition  becomes 


>r=7‘ 


1 dr 


r=r2  1 dr  I ,,  j.. 

3 Jr=T]  /*0  ' 


r—n  fj-o  r' 


\ 


> 0 


which  yields 


>r=r 


1 dr 


2rf2' 


'V—r 


1 dr 


^r=r-2  / ..  ..3  \ 

Jr=n  A/0 


'r=r-2  1 dr  / ,, 

^—T^  r^O 

r=ri  //o  i ' 


+ 


r^O- 


1 1 


r=r-2  1 dr  ,,  ».3 

3 FO  ' 

HO  r'5  " 


rr=r- 

J r=ri 


> 0 


where  the  second  term  within  the  paranthesis  is  obtained  by  the  use  of  Leibnitz  rule. 
Obviously,  the  condition  is  satisfied  and  this  then  ensures  that  the  centrifugal  forces 
cannot  destabilize  the  base  flow,  at  least  from  an  argument  based  on  the  inviscid  limit. 
Now,  incorporating  a finite  but  constant  viscosity  has  been  proved  to  be  stabilizing  in 
this  flow[l].  We  will  assert  that  the  same  continues  to  hold  even  if  there  is  a viscosity 
variation  in  the  gap.  This  result  is  important  as  the  focus  of  our  work  is  not  in  the 
study  of  instability  arising  from  the  centrifugal  forces.  Rather  it  is  to  inquire  whether 
the  temperature  dependence  of  viscosity  can  affect  the  stability  of  the  flow  which  is 
otherwise  stable  and  what,  if  any,  are  the  modes  of  instability.  Henceforth,  unless 
otherwise  stated,  it  is  assumed  that  in  all  onr  experiments  the  outer  cylinder  is  spun 
while  keeping  the  inner  cylinder  hxed. 

Getting  back  to  the  0 component  of  the  equation  of  motion,  we  will  denote 
the  quantity  (^)]  ^o-  In  terms  of  tq,  which  has  units  of  torque  per  unit 


length,  the  model  is  simply 


V 


/■ 

0 


r2 


To 


■ r=r-2 


r=ri 


1 dr 


Mo  T' 


(2.8) 


and 


0 = 


r dr 


dr, 


0 


d'/' 


+ 


}_T0 

M'O  r‘ 


2 


(2.9) 
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where  the  first  equation  is  obtained  by  integrating  the  0 component  of  the  equation 
of  motion  using  the  condition  that  = 0 when  r = ri  and  vg^  = Vq  when  r = V2. 

Inspecting  the  base  equations  in  circular  Couette  flow  and  their  companion 
equations  in  plane  Couette  flow,  we  observe  the  following: 

• In  circular  Couette  flow,  the  torque  per  unit  length  2Tir^Trg^  (where  is  the 
shear  stress,  (^))  constant  across  the  gap.  But,  in  plane  Couette  flow, 

the  shear  stress  Txzq  is  constant  across  the  gaj).  The  extra  that  is  seen  in 
the  torque  expression  in  circular  Couette  flow  is  due  to  the  fact  that  the  shear 
stress  has  to  be  multiplied  by  the  surface  area  2'kt  to  get  the  force  per  unit 
length.  On  taking  the  moment  by  multiplying  with  r,  we  obtain  the  torque  per 
unit  length.  It  is  only  due  to  this,  that  we  see  an  extra  term  1/r^  multiplying 
the  viscous  dissipation  term  in  circular  Couette  flow.  As  the  viscous  dissipation 

1 T*^ 

is  when  written  in  terms  of  tq,  it  becomes  — 

It  will  turn  out  that  the  equations  in  the  planar  geometry  are  easier  to  solve 
compared  to  the  corresponding  equations  in  circular  geometry.  Even  though  this 
may  not  be  obvious  in  general  at  this  stage  wherein  only  the  base  equations  are 
being  discussed,  there  is  one  advantage  even  at  this  stage:  the  radius  ratio  ri/r2, 
which  occurs  as  a parameter  in  equations  describing  circular  Couette  flow  does  not 
appear  in  the  equations  describing  plane  Couette  flow.  In  the  limit  of  a thin  gap, 
the  circular  Couette  flow  equations  become  identical  to  the  planar  equations  and  the 
centrifugal  term  goes  to  zero.  Moreover,  as  we  have  already  eliminated  the  possibility 
of  any  instability  originating  from  the  centrifugal  term  by  declaring  that  the  outer 
cylinder  is  being  rotated,  we  do  not  lose  any  relevant  information  by  performing  a 
thin  gap  approximation.  Therefore,  the  plane  Couette  flow  equations  become  valid 
approximations  to  the  circular  Couette  flow  equations  in  the  limit  of  a thin  gap.  This 
enables  us,  as  we  go  along,  to  draw  some  general  conclusions  about  the  experiments 
in  circular  Couette  flow  based  on  calculations  performed  for  plane  Couette  flow.  We 
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will  find  that  by  scaling  the  circular  Couette  flow  equations  using  the  length  scale 
based  on  the  gap  width  (r2  — ri),  the  plane  Couette  flow  equations  are  recovered  in 
the  limit  of  a thin  gap.  This  scaling  is  quite  useful  as  it  serves  as  a bridge  between 
our  calculations  which  are  easier  to  perforin  in  planar  geometry  and  our  experiments 
which  are  easier  to  conduct  in  circular  geometry.  We  will  demonstrate  this  next. 

2.3  Thin  Gapping  the  Circular  Couette  Flow  Equations 
to  obtain  the  Plane  Couette  Flow  Equations 

Let  A = (ra  — ri)  be  the  gap  width  between  the  two  cylinders  and  r*  = 
be  the  dimensionless  radius  such  that  when  r = ri,r*  = 0 and  when  r = ra,r*  = 1. 
Using  this  the  model  equations  to  0{e^)  become 


Vo  (1  - e)  = tqA  f (1  - 3r*e)  dr 

J r" 


and 


•=0  fJ'O'f'l 


„ ,<rT„  , , dT„  , 1 

0 = k- — T + k€- \ 


dr 


*2 


dr’ 


/^o 


r 


(1  — 4r*e) 


1 


where  e = A/ri.  As  c — > 0,  these  equations  become 


Ur 


A A 


>r*  = l 


1 


0 


2 


dr' 


and 


0 = A: 


d^Tr 


•’  + - 


'0 

A 

r 


(2.10) 


(2.11) 


(2.12) 


(2.13) 

dr*^  Po  V ^1 

Now,  scaling  x in  the  velocity  and  in  the  temperature  equations  in  plane 


Couette  flow  with  respect  to  half  the  gap  width,  L,  such  that  x*  = x/L,  we  obtain,^ 


= [ — dx*  (2.14) 

Jx*=—l  /^O 


and 


(2.15) 


^Observe  that  the  scaled  gap  width  goes  from  0 to  1 in  circular  Couette  flow  and  it  goes  from  -1 
to  1 in  plane  Couette  flow  and  this  is  solely  due  to  the  fact  that  x was  chosen  to  run  from  -L  to  L 
as  this  choice  provides  a symmetry  in  the  temperature  profile. 
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Comparing  the  scaled  equations  in  circular  Couette  flow  as  e — 0 to  the  corresponding 
scaled  equations  in  plane  Couette  flow,  we  find  that  in  the  limit  of  a thin  gap,  for 
a fixed  wall  speed,  Vq,  the  circular  Couette  flow  can  be  modeled  by  the  equations 
for  plane  Couette  flow  with  roA/r^  in  circular  Couette  flow,  where  tq  has  units  of 
torque/unit  length,  playing  the  role  of  TxzqL  in  plane  Couette  flow.  As  the  gap  width, 
A,  goes  to  zero,  tq  tends  to  c»  but  it  can  be  proved  that  the  quantity  roA/rj  remains 
bounded  by  proving  that  t^z^L  remains  bounded.  In  fact,  we  can  prove  that  the 
quantity  not  only  remains  bounded  but  is  also  a constant.  To  show  this,  we 

will  first  prove  that  the  maximum  temperature  in  plane  Couette  flow  is  independent 
of  the  gap  width  by  considering  the  unsealed  temperature  equation 


This  statement  might  seem  a little  puzzling  at  first  for  the  following  reason:  When 
the  wall  speed  is  held  fixed  and  if  the  gap  width  is  increased  the  velocity  gradient 


conducted  to  the  boundary.  But  this  heat  has  to  be  conducted  across  a larger  distance 
to  reach  the  boundary.  Therefore,  it  would  seem  that  the  maximum  temperature  in 


conduction  terms  are  independent  of  gap  width.  To  see  that,  let  us  scale  x by  the 
gap  width  L such  that  x*  = x/L,  the  velocity  by  the  wall  speed  Vo  such  that 
V*  = Vz^/Vq  in  the  energy  equation  above  to  get 


Now,  if  the  wall  speed  Cq  is  fixed,  this  equation  tells  us  that  the  maximum  tem- 
perature in  the  gap  is  independent  of  the  gap  width:  To  see  this,  we  first  scale  the 
equation  for  the  shear  stress 


which  is  the  source  of  the  frictional  heat  decreases  and  hence  there  is  less  heat  to  be 


the  gap  can  either  increase  or  decrease  with  an  increase  in  the  gap  size.  However, 
scaling  the  energy  equation  tells  us  that  the  scaled  heat  generation  and  scaled  heat 
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using  the  scale  x*  = x/L  and  = v^^/Vq  to  obtain 


T. 


//,oVo  ( dn 
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xzq 


L 


d.x' 


Hence  we  obtain  for  the  scaled  velocity  gradient 


dx* 


'^xzo  ^ 

//'oho 


where  we  know  that 


1 


r 

0 


TxzoL  - Vl  dx' 


II 


1 MO 


dv 


Substituting  this  in  the  expression  for  we  obtain  for  the  scaled  velocity  gradient, 


dx* 


1 


1 dx’ 


Mo 


The  temperature  equation  therefore  becomes 


, d^To 


1/2 

*0 


rl 

^^■0  j_i 


dx*** 

MO 


Therefore,  we  find  that  the  maximum  temperature  does  not  depend  on  the  gap  width. 
For  constant  temperature  boundary  conditions,  the  maximum  temperature  occurs  at 
the  channel  centre.  However,  it  should  be  observed  that  the  same  conclusion  cannot 
be  drawn  if  the  wall  shear  stress  is  held  fixed  instead  of  the  wall  speed.  To  see  this, 
let  us  rewrite  the  unsealed  temperature  equation  as 


d^Tn 


r, 


2 


0 = k^+ 


dx'2 


l-l'O 


where  = '^xzn-  Once  again,  scaling  x by  the  gap  width  L such  that  x*  = xjL. 


dx 


we  get 


d^T, 


.2 


0 , r 2 


b — ^ . .2  + 


d.x 


//'O 


we  find  that  for  a fixed  wall  stress  the  the  gap  width  L is  not  eliminated  from  the 


equation  and  therefore,  the  maximum  temperature  depends  on  the  gap  width. 
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Now,  to  obtain  the  conclusion  that  for  a fixed  velocity,  TxzqL  is  a constant, 
consider  the  equation 

/*^  dx* 

VI,  = TxzoL  / — 

J-l  fl'O 

Now  for  a fixed  wall  speed,  the  inaxiinum  temperature  in  the  gap  is  fixed  by  our 
earlier  conclusion.  This  therefore  fixes  the  temperature  profile  across  the  gap  and 
hence  the  fluidity  profile  in  the  gap,  which  is  the  integral.  This  proves  that  for  fixed 
Vo,  the  quantity  TxzqL  is  fixed.  Now,  we  know  that  roA/r^  approaches  TxzqL  as 
A — >■  0.  As  we  have  just  proved  that  TxzqL  is  fixed  for  a fixed  Vq,  the  conclusion  then 
is  that  as  A — >•  0,  ToA/rj  approaches  a constant  value. 

One  more  question  that  might  be  posed  now  is  whether  roA/rj  approaches 
TxzqL  from  the  right  or  from  the  left  in  a graph  of  Vq  plotted  on  the  abscissa  vs. 
ToA/rf  plotted  on  the  ordinate.  In  an  endnote,  we  will  provide  a calculation  to  show 
that  for  a fixed  wall  speed,  the  quantity  roA/rf  increases  as  the  gap  width  is  increased 
from  zero.  This  will  then  prove  that  as  A — >■  0,  ToA/rf  approaches  TxzqL  from  the 
right. 

To  see  how  the  centrifugal  term  is  lost  in  the  limit  of  e — >■  0,  scale  the  r 
component  of  equation  of  motion  with  respect  to  the  gap  width,  to  obtain 

2 f ^ 

^ t'o  1 _j_ 

and  observe  that  as  e — 0,  we  obtain 


dr* 


which  is  precisely  the  transverse  component  of  the  equation  of  motion  in  plane  Cou- 
ette  flow. 

We  will  demonstrate  later  on  in  this  thesis  that  the  circular  Couette  flow 
equations  approach  the  plane  Couette  flow  equations  not  only  in  the  base  state  but 
even  when  a perturbation  is  carried  out. 
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In  trying  to  discuss  the  properties  of  the  base  equations  and  to  obtain  its 
solution,  it  is  in  some  ways  useful  to  write  the  problem  in  scaled  variables  as  this 
reduces  the  number  of  variables  in  the  model.  It  is  to  this  task  that  we  turn. 


2.4  Scaling 


We  begin  by  scaling  the  thermal  energy  equation  in  plane  Couette  flow  as  it  de- 
scribes the  base  state.  We  use  the  following  scaled  variables,  = {To—T^)/Tre{,  x*  = 


'<^zo  = '^zo/Vref  and  /Xq  = fio/i-iuj,  to  get 


n 0 I t/2  * 


d.x 


2 


dx* 


T 2 


(2.16) 


This  gives 


0 = — ^ 
d.x*2 


„ y2 

I ^ref  . 

kT,„  "« 


dx* 


-i  2 


(2.17) 


where  the  reference  velocity  Vref  and  the  reference  temperature  Tref  are  yet  to  be 
chosen  and  where  their  choice  decides  the  various  scaling  options  for  this  problem^. 
In  the  most  important  scaling  that  we  use  in  this  thesis,  we  introduce  the 


scaled  fluiditv  via 


1 


r*  

./ 0 “ “T  ~ 

//'S  /^O 

where  denotes  i-i{Tyj).  Then  the  sensitivity  of  the  fluidity  to  the  temperature 

A f* 

determines  a useful  temperature  scale.  To  see  that,  let  S denote  ^ evaluated  at  Tyj. 
Then  choosing  the  reference  temperature  Tref  to  be  1/5  gives  the  scaled  temperature 
rise  Oq  = S{Tq  — T^).  For  all  fluidities  that  increase  with  an  increase  in  temperature^ 
this  scaling  requires  in  addition  to  ,/'o(^o  = foi^o  = 0)  = 1,  where 

' denotes  differentiation  with  respect  to  9q.  We  then  choose  the  reference  velocity 
Kef  to  be  \/{k/Si.iw)  SO  that  the  term  in  front  of  the  scaled  viscous  dissipation  term 


■^We  will  discuss  one  scaling  option  here  and  the  rest  in  an  endnote  of  this  chapter. 

^For  fluids  whose  fluidity  decreases  with  an  increase  in  temperature  we  deflne  evaluated  at 
Tu)  as  —S  where  S is  positive.  Then  choosing  Tref  = 1/5  and  Oq  = S{Tq  — it  follows  that 


22 


becomes  unity.  Then  the  scaling  of  the  shear  stress  comes  out  of  the  equation 


The  reference  shear  stress  Txz,^i  can  be  calculated  from  this  equation  and  it  is  = 
IJ-wVref/L  = k jiyj I S . We  now  write  the  model  and  its  boundary  condition  in 


pendent  of  the  speed  at  which  the  plate  is  moved. 

• For  fluidity  functions  that  have  only  one  sensitivity  parameter  in  them,  for 
example,  linear  or  exponential,  there  is  one  master  curve  of  the  scaled  wall 
speed  vs.  the  scaled  wall  stress  and  this  curve  is  independent  of  the  sensitivity, 
S for  that  relationship. 

• As  5 — 0,  this  scale  fails  to  recover  the  case  of  constant  viscosity.  This  difhculty 

can  be  overcome  easily  if  the  temperature  difference  scale  is  chosen  based  on 

the  wall  temperature,  but  this,  then,  is  at  the  sacrifice  of  losing  a master  curve. 
^The  equations  in  circular  Couette  flow  scaled  in  the  same  way  become 


terms  of  these  scaled  variables  as“^ 


(2.20) 


(2.21) 


which  written  in  terms  of  the  scaled  shear  stress  yields 


(2.22) 


There  are  several  points  that  are  worth  noting  about  this  scaling: 


• This  velocity  scale  is  based  on  the  physical  properties  of  the  fluid  and  is  inde- 


(2.18) 


(2.19) 


with  = 0 at  r*  =?/,!. 
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The  base  temperature  and  velocity  equations  have  a lot  of  nice  properties. 
First,  depending  on  the  form  of  the  fluidity  an  explicit  formula  for  9q  as  a function  of 
X can  be  obtained,  and  when  this  is  done  Vq  is  obtained  with  little  additional  work.  It 
turns  out  that  for  the  special  case  of  linear  fluidity  this  is  true.  Secondly,  a prediction 
of  when  a nose  onght  to  occur  in  the  base  curve  of  Vq  vs.  Txzq  for  a general  class  of 
fluidities  can  be  obtained  from  these  equations  without  a numerical  calculation.  In 
fact,  it  turns  out  that  the  base  solution  that  we  will  obtain  for  linear  fluidity  provides 
a motivation  for  us  to  carry  out  this  analysis  for  a general  class  of  fluidities.  We  will 
therefore  first  get  to  the  base  solutions  for  linear  fluidity.  Henceforth,  we  will  drop 
the  * but  still  work  in  the  scaled  variables. 


2.5  The  Base  Solution  for  the  Case  of  Linear  Fluidity 


For  the  case  of  linear  fluidity,  /o  = (1  + solution  to  the  base  temper- 

atnre  equation  in  plane  Conette  flow 


+ -foTxzo 


is  simple.  It  is 


COs{TxzqX) 

COs{Txzo) 


and  Vo  is  determined  by  Txzo  via 


V'o  = 2tcil\Txzo 

This  result  is  interesting  in  itself.  It  tells  ns  that  for  every  value  of  wall  speed  Vq, 
there  corresponds  a steady  shearing  flow.  The  values  of  wall  stress  corresponding  to 

7T  7T 

this  family  of  shearing  flows  are  bounded  by  r^zo  = For  values  of  Txzo  > 

2 2 

base  temperature  equation  has  a solution  but  the  temperature  rise  turns  out  to  be 
negative  over  part  of  the  flow  domain.  However  all  values  of  Vq  are  already  obtained 
before  this  happens. 
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Figu  re  2.3:  Vq  ys.Txzo  foi’  linear  fluidity 


Figure  2.3  shows  the  plot  of  Vq  vs.  t^zq-  The  curve  exhibits  a lower  branch 


7T 


and  a nose,  the  nose  lying  at  t^zq  — ~ where  the  ordinate  is  asymptotically  infinite. 
This  curve  does  not  turn  back  and  the  upper  branch  is  missing.  We  assert  that  to 
have  an  upper  branch,  we  need  /o  >0  at  least  in  some  range.  In  other  words,  we 
conjecture  that  the  base  curve  for  linear  fluidity  with  /q  = 0 uniformly  lies  at  the 
edge  of  backward  bending  base  curves. 

Next,  we  will  now  go  on  to  the  prediction  of  the  noses  without  a numerical 


calculation. 
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2.6  Prediction  of  the  Nose  on  the  Base  Curve 
without  perforniiiig  a Numerical  Calculation 


To  predict  when  a nose  ought  to  occur  in  the  base  curve  of  Vq  vs.  Txzo,  all  we 
have  to  do  is  to  find  when  goes  unbounded.  Now, 


'+1 


Co  = r. 


XZq 


./odx 


J-1 


Hence 


dHr 


0 


•H-l 


dr 


jo  '^xzofo 


, dO 


0 


XZQ 


-1 


dr 


dr 


XZQ  J 


Therefore,  it  follows  that  to  decide  when  goes  unbounded,  it  is  enough  to  find 
an  equation  for  and  inquire  when  it  becomes  unbounded.  Getting  an  equation 


for  is  easy.  It  only  requires  us  to  differentiate  the  equation  for  9o,  viz, 

CLT: — 


XZQ 


d^0 


0 , . 2 


dr 


.y.2 


+ ./o'^xzo  “ ^ 


(2.23) 


with 


= ±1)  = 0 


to  obtain 


+ fo  Txzo^O  + ‘^.foTxzo 


(2.24) 


with 

0o{x  = if)  = 0 

where  = -r^. 

First  observe  the  temperature  equation  which  tells  us  that  unless  Txzq  = 0,  9o 
is  positive  at  each  interior  value  of  x.  This  can  be  shown  by  contradiction,  i.e.,  we 
will  assume  a temperature  profile  that  is  not  positive  everywhere  in  the  interior  and 
find  that  we  end  up  with  a contradiction.  Specifically,  we  will  assume  a temperature 
profile  which  has  a zero  in  the  interior  and  see  whether  it  satisfies  the  9o  equation 
and  the  boundary  conditions.  The  temperature  profile  with  a zero  in  the  interior  is 
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Figure  2.4:  The  base  teinperature  profile  with  a zero  in  the  interior. 


illustrated  in  figure  2.4.  Note  that  at  the  point  where  the  temperature  rises  from  zero 
in  the  interior,  > 0.  This,  however  violates  the  requirement  that  < 0 which 
the  0()  equation  demands.  Therefore,  we  have  proved  by  contradiction  that  61o  > 0 in 
the  interior  t^zq  > 0. 

Secondly,  based  on  the  Oq  equation,  we  can  conclude  that  each  value  of  Oq  in 

the  interior  increases  as  t^zo  increases  along  the  lower  branch  of  the  base  solution 

• • 
curve,  i.e.  > 0 along  the  lower  branch.  To  see  this,  observe  that  = 0 when 

Txzo  = 0 along  the  lower  branch.  (Note  that  this  is  not  true  along  the  upper  branch, 

if  it  exists,  as  there  the  temperature  rise  is  much  higher  and  hence  as  t^zo  0,  /o,  /q 

might  tend  to  oo  thereby  making  it  difficult  to  prove  the  sign  of  Oq).  This  implies 

that  a curve  of  Oq  vs.  t^zq  begins  with  a slope  of  zero.  Further,  we  learn  that  > 0 

when  Txzo  small.  To  see  this  observe  that  when  t^zo  is  small,  the  term  with  in 

it  can  be  dropped  off,  of  course,  only  along  the  lower  branch.  Under  this  limit  the  9q 

equation  then  is 


T 2 /oTj,2q 


and  this  then  proves  that  the  curvature  of  Oq  is  negative  for  small  Txzq-  As  is  zero 
at  the  boundaries,  it  must  be  positive. 

Now  to  extend  the  above  arguineiit  to  prove  that  6q  > 0 is  true  along  the  entire 
lower  branch,  we  again  invoke  the  proof  by  contradiction.  We  look  for  an  interior 
point  and  a value  of  t^zq  where  Oq  just  vanishes.  At  such  a point  we  have 


+ 2/o'T"; 


xzo 


27 


and  once  again  we  conclnde  that  Oq  > 0 at  each  interior  value  of  x. 

To  see  what  happens  as  increases  along  the  lower  branch  and  reaches  the 
nose  of  the  curve,  we  introduce  an  eigenvalue  problem.  It  is 


(2.25) 


We  presume  that  anything  untoward  in  the  behavior  of  9q  as  we  increase  should 
also  show  its  signature  in  this  eigenvalue  problem.  Now,  at  each  point  of  the  base 
curve,  this  eigenvalue  problem  must  be  solved.  The  way  this  calculation  goes  is 
like  this:  Assume  a value  of  corres])onding  to  a point  on  the  base  curve.  Solve 
the  temperature  equation  to  get  Oq{x)  and  from  this  Jq{x)  and  hence  foix).  Once 
this  is  obtained  substitute  it  in  the  eigenvalue  problem  and  solve  it.  Note  that  this 
somewhat  lengthy  calculation  procedure  simplifies  if /q  is  a constant.  Fortunately,  we 
know  one  finidity  where  Jq  is  a constant:  It  is  the  case  of  linear  fluidity!  In  fact,  for 
this  case  /q  is  not  oifly  a constant  but  /q  = 1.  Not  only  that,  we  now  know  from  our 
earlier  calculations  from  the  base  equations  that  the  nose  for  the  linear  fluidity  lies 
at  the  value  of  t^zq  — Therefore,  I)y  substituting  /q  = 1 in  the  eigenvalue  problem, 
we  can  check  whether  we  get  some  information  which  points  to  the  fact  that  the  nose 
lies  at  Txzo  = f for  linear  fluidity.  That  is  what  we  will  do  next. 

Substituting  /q  = 1 in  the  eigenvalue  problem,  we  obtain  for  the  eigenvalues 
Ai  = |,  A2  = 7T  and  so  on,  and  the  eigenfunctions  are  4>i  = cos(|a;)  and  02  = sin(7ra;) 
and  so  on.  It  should  be  noted  that  the  linear  fluidity  is  the  only  case  wherein  the 
eigenvalues  and  the  eigenfunctions  do  not  depend  on  t^zq-  And  for  this  case  if  we 
plot  \\{txzo)  which  is  equal  to  tt/2  and  Txzq  itself  versus  Txzq,  the  graphs  intersect  at 
Txzo  = "^/2,  the  nose  shear  stress  value  of  the  base  curve.  This  turns  out  to  be  true 
in  general  and  introduces  a useful  definition  of  the  nose  of  the  curve.  A point  of  the 
curve  is  a nose  if  and  only  if  Ai(rizg)  = Txzq-  This  remains  to  be  established  but  in 


the  case  of  linear  fluidity  it  turns  out  be  true  as  we  just  observed. 
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Now,  to  establish  that  X\{txzo)  = Txzo  hehnes  a nose  for  a general  class  of 
fluidities,  let  us  first  see  what  the  eigenvalues  do  as  t^zq  increases  along  the  lower 
branch  of  the  base  curve.  We  first  observe  that  when  Txzq  — 0 then  9o  = 0 and 
/q  = 1.  So,  the  eigenvalues  start  out  at  linear  fluidity  values.  To  go  on,  we  let  (pi 
denote  d0i/drxzo  and  Xi  denote  dAj  I^lTxzq  and  differentiate  the  eigenvalue  problem 
getting 


c\x^ 


+ ./o  Xi^ Pi  — — jo  OoXi^pi  — jo 


(2.26) 


with 


<pi{x  = ±1)  = 0 


To  determine  pi  requires  a solvability  condition  to  be  satisfied.  It  is 


and  it  must  be  always  satisfied  as  pi  could  be  determined  by  getting  pi  and  then 
differentiating  it  with  respect  to  Txz^  ■ This  tells  us  that  Xi  decreases  as  Txzq  increases 
on  the  lower  branch  of  the  base  curve  because  is  positive  there.  And  this  is  true 
for  ah  convex  fluidities  such  that  /q  > 0. 

Now,  to  establish  that  the  fundamental  eigenvalue,  Xi{txzo)  defines  the  nose, 
observe  that  as  Txzo  increases  along  the  lower  branch,  Xi{txzo)  decreases  from  its 
value  of  I which  it  takes  at  Txzq  = 0.  As  long  as  Xi{txzq)  remains  above  Txzq  it 
continues  to  be  true  that  (9q  remains  positive.  But  when  Txz^  grows  large  enough  such 
that  Ai(Ta;2(,)  = Txzq,  the  Bq  equation  recinires  that  a solvability  condition  be  satisfied 
before  it  can  be  solved  as  the  corresjjonding  homogeneous  equation  has  solutions  that 
are  multiples  of  p\.  This  solvability  condition  is 

J '^foTxzoPi(^x  = 0 (2.28) 

This  cannot  be  satisfied  ! The  reason  is  that  all  the  factors  in  this  equation  are 
positive  and  pi  is  singly  signed.  The  value  of  cannot  be  determined  and  it  then 


A,"  = 


A 


2 i_  1 /o  ^0  Pi  (1 
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must  be  infinitely  large.  This  then  is  the  nose  of  the  curve  as  Oq  = becomes 
unbounded.  The  problem  is  not  with  with  t^zq.  We  have  reached  the  end  of 

its  increase  along  the  lower  branch  of  the  base  curve  and  it  is  turning  back  along 
the  upper  branch.  The  nose  terminates  the  lower  branch  when  Xi{tz:zo)  = t^zq-  This 

defines  the  value  of  t^zq  at  the  nose  and  there,  by  the  equation,  the  value  of 

• • 

A? -4  — (X)  as  Txzo  tends  to  the  nose  on  the  lower  branch.  We  can  see  how  9o  goes  to 


oo  by  writing  the  solution  to  Oq  equation  in  terms  of  the  solutions  to  the  eigenvalue 


problem.  It  is 


J—l 


0. 


0 


Y^zz=oo 


0! 


(2.29) 


and  this  tells  us  that  as  tends  to  the  nose  on  the  lower  branch  6q  tends  to  +cxd 


and  the  order  of  this  is  ( — 1/(  '^xzo 


At  the  nose  t^zq  turns  and  decreases  along  the  upper  branch.  On  the  upper 
branch  we  assert  that  should  be  negative,  i.e.  continues  to  increase  as  t^zq 
decreases.  We  need  to  make  this  assumption  to  proceed  further  as  we  cannot  math- 
ematically prove  the  sign  of  on  the  upper  branch.  For  example,  we  cannot  rule 
out  the  possibility  that  a vs.  curve  may  look  as  illustrated  in  figure  2.5 
even  though  physically  we  know  such  a case  is  not  possible.  With  the  assertion  that 
^0  < 0,  we  can  conclude  that  Xf  is  positive  along  the  upper  branch.  As  Txzq  decreases 
along  the  upper  branch  so  too  does  each  eigenvalue  and  we  get  a picture  as  shown  in 
figure  2.6. 

The  possibility  that  on  the  upper  branch  Oq  might  again  become  — oo  cannot 
be  ruled  out.  In  fact,  this  leads  to  the  possibility  of  a second  nose  with  Xi{txzo)  = 
Txzo  Oil  the  Upper  branch.  And,  if  we  go  on  with  this  possibility,  there  can  be  an 


infinite  number  of  noses  corresponding  to  as  and  when  Oq  becomes  unbounded.  For 
an  exponential  fluidity  in  plane  Couette  flow,  this  does  not  happen  as  we  will  see 
later.  In  an  endnote,  we  will  see  that  this  does  not  happen  in  circular  Couette  flow 
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Figure  2.5:  A hypothetical  vs.  Tj.^^  curve  with  > 0 on  the  upper  branch 


Figure  2.6:  The  prediction  of  the  nose  based  on  the  second  eigenvalue  problem 
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Figure  2.7:  The  vs.  curve  for  a case  with  multiple  noses 


either.  However  we  cannot  rule  out  this  possibility  in  general.  A Xi(txzo)  vs.  t^zq  for 
a case  which  has  multiple  noses  looks  as  illustrated  in  figure  2.7: 

On  the  upper  branch,  under  our  assertion  that  9o  is  negative,  A2  remains 
positive  and  two  possibilities  come  up.  Either  X2{txzo)  remains  above  or  it  does 
not.  If  it  does  not  then  there  is  a point  on  the  upper  branch  where  X2{txzo)  = ^xzo 
and  there  again  do  goes  indeterminate.  But,  now  the  solvability  condition  required  to 
determine  ^0  is  satisfied  as  02  is  an  odd  function  and  9o  does  not  become  infinite  as 
it  does  at  the  nose  but  it  becomes  multiple  valued.  Indeed,  the  solvability  condition 
for  9o  equation  when  X2{t^zo)  = Txzo  is 

y 2/ori^o02dx  = 0 (2.30) 

and  this  is  satisfied  as  d>2  is  an  odd  function  of  x while  /o  is  an  even  function.  A2  is 
then  called  a branch  point  or  a bifurcation  point.  The  existence  of  a branch  point  on 
the  upper  branch  is  model  dependent  and  it  has  to  be  looked  at  case  bv  case. 

We  know  for  the  case  of  linear  fluidity,  our  prediction  about  the  nose  of  the 
curve  based  on  the  eigenvalue  problem  matched  our  actual  calculations  from  the  base 
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equations.  Before  closing  this  section,  we  will  consider  one  more  fluidity  and  prove 
the  same.  We  will  consider  the  case  of  exponential  fluidity  as  in  this  case  /g  > 0 
and  hence  we  should  get  an  upper  branch  if  our  earlier  assertion  is  correct.  Unlike  in 
linear  fluidity,  wherein  we  were  able  to  get  formulas  for  9q  vs.  Txzq:  for  rm  exponential 
fluidity,  we  might  not  be  so  lucky.  However,  it  turns  out  that  some  useful  formulas  can 
still  be  obtained  for  a general  class  of  fluidities.  In  fact,  we  will  obtain  these  formulas 
on  the  way  to  solving  the  base  equations  for  an  exponential  fluidity.  The  formulas 
turn  out  to  relate  the  three  fundamental  quantities  in  the  flow  Vo,Txzo-,^Om^  where 
6(j^  is  the  maximum  temperature  rise  in  the  gap.  One  such  formula  which  relates  the 
maximum  temperature  rise  in  the  gap  and  the  wall  speed  will  be  used  in  getting  the 
base  solution  for  an  exponential  fluidity.  Then,  we  will  verify  whether  the  eigenvalue 
problem  predicts  the  nose  correctly.  We  will  also  see  whether  there  are  any  branch 
points  on  the  upper  branch  for  exponential  fluidity,  i.e.,  whether  \2{'Txzo)  — '^xzo  on 
the  upper  branch. 

To  get  the  relationship  between  the  three  fundamental  quantities  Vq,  tq,  for 
a general  class  of  fluidities,  we  begin  by  integrating  the  scaled  temperature  equation 


0 


d.X'^ 


+ foT. 


2 =0 

XZq 


once  and,  using  the  fact  that  the  temperature  profile  is  symmetric  and  hence  ^ = ~1) 


dx 


(x  = +1),  we  get 


fodx 


(2.31) 


Using  Vo  = Txzo  fodx  in  this  we  get 


d^o  / , _ 1 \ _ T/ 

2 j (X  1)  ^O'^xzo 
ax 


(2.32) 


This  tells  us  that  at  steady  state  the  power  dissipated  by  the  system  is  carried  away 
to  the  walls.  We  will  make  some  stability  arguments  based  on  this  formula  later. 
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Now,  multiplying  the  temperature  equation  by  we  get 


Id/  (10 


2 


0 


2 dz  V da; 


+ foT- 


de 


0 


XZQ 


dx 


= 0 


(2.33) 


Integrating  this  between  the  wall  at  x = 1 and  the  channel  centreline  wherein  the 
temperature  is  maximum  and  taking  the  scjuare  root,^  we  obtain 


(10, 


0 


dx 


(x  — i)  ^y^'^xzo 


'Oq 


m 


/od0o 


■Jo 


(2.34) 


Now,  eliminating  (^)  (x  = 1)  between  (2.32),  (2.34)  we  obtain 


v-i)  = 2V2 


‘Oq 


m 


/od0Q 


•Jo 


(2.35) 


Notice  that  t^zq  also  gets  eliminated  in  the  process.  This  equation  tells  us  that 
the  wall  speed  and  the  maximum  temperature  in  the  gap  are  increasing  functions  of 
one  another.  This  is  a confirmation  of  what  we  thought  all  along:  when  the  wall 
speed  is  increased,  more  heat  is  generated  by  viscous  dissipation.  To  conduct  this 
heat  to  the  boundary,  a larger  temperature  gradient  is  required  and  this  implies  the 
maximum  temperature  has  to  increase.  Further,  we  also  hnd  that  for  low  wall  speed, 
/o  — > 1 and  therefore  Vq  = 2 \/2  0o„, . This  implies  that  the  curve  of  Vq  vs.  9q^  starts 


with  Vo  cx  0, 


0 


m 


Now,  to  get  the  base  solution  for  the  specihc  case  of  an  exponential  fluidity. 


substituting  /o  — e^°  in 


1 (1  / (10 


0 


2 dx  V (lx 


+ fr^  ' 

+ JO  xzo  , 


0 


= 0 


then  integrating  it  between  x — 0,  the  centre  of  the  channel  and  any  x,  i.e.,  an 
arbitrary  position  between  0 < x < 1,  we  obtain 


0 


dx 


e 


Oo 


(2.36) 


^As  the  temperature  decreases  from  the  channel  centre  a:  = 0 to  the  wall  x — the  negative 
value  of  ^ is  chosen  when  taking  the  square  root. 
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Integrating  this  once  more  between  x = 0 where  x = \ where  9q  = 0, 


we  get 


1 


In 


m 


Y0^Om  -|-  g^Om  — 1 
\J  Q^Orn  — \/  — 1 


(2.37) 


Once  ^Om  is  obtained,  the  integration  may  be  carried  out  once  more  between  x = 0 
where  <ind  x = x,  any  arbitrary  position  of  x,  to  get  an  equation  for  Oq  as 

a function  of  x.  The  solution  of  this  equation  will  be  useful  to  get  fo{x)  which  we 
will  use  to  solve  the  eigenvalue  problem  later.  For  a given  Txzq  less  than  its  value  at 
the  nose,  there  are  two  values  of  the  maximum  temperature,  one  on  the  upper 
branch  and  one  on  the  lower  branch.  Depending  on  the  solution  that  we  seek,  9o^  is 
limited  to  either  the  lower  branch  or  the  upper  branch.  Once  0o„,  is  obtained,  Vq  is 
calculated  using  the  equation 


Va  = 2V2^|  I °”'/od0o 


substituting  for  the  fluidity  /o  = e^°  and  then  integrating  it  to  obtain 


Vo  = 272\/e^o-  - 1 


(2.38) 


Figure  (2.8)  depicts  the  solution  in  terms  of  the  wall  speed  vs.  the  wall  stress  curve 
for  an  exponential  fluidity  relationship.  The  wall  stress  increases  until  the  nose  where 
Txzo  — 0.94  and  then  decreases  thereafter. 

Now,  solving  the  eigenvalue  problem  for  the  case  of  exponential  fluidity,  by 
substituting  for  Jq{x)  obtained  from  9q{x),  it  can  be  demonstrated  that  Ai(tj;2p)  = Txzq 
at  the  nose  and  X-zixxzo)  remains  above  Txzq  along  the  upper  branch.  Table  2.1  shows 
the  value  of  Ai(ra;2(,),  X-zi^izo)  listed  vs.  Txzq  for  exponential  fluidity.  Observe  that 
for  very  low  values  of  Txzq  on  the  lower  branch,  wherein  /q  ~ 1,  the  eigenvalues 
X\{txzo)  1 X2{txzo)  very  closely  approach  |,7t  as  expected.  Moreover  as  predicted  \\ 
and  A|  approach  — oo  from  below  and  are  positive  for  values  of  Txzq  on  the  upper 
branch.  Further,  we  also  find  that  Ai(rx2n)  — Txzq  for  Txzo  between  0.93  and  0.94 
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Figure  2.8:  Vo  vs-t^zq  for  exponential  fluidity 

which  is  very  close  to  the  actual  calculation  from  the  base  equations.  We  also  hnd 
that  \2{txzo)  > '^xzo  along  the  upper  branch  indicating  that  there  are  no  bifurcation 
points  on  the  upper  branch  for  exponential  fluidity. 

It  might  be  of  interest  to  ask  what  happens  for  fluidities  slightly  weaker  than 
linear,  i.e.  fluids  with  /q  < 0.  If  /q  < 0,  then  must  be  positive  along  the  lower 
branch  where  is  positive.  This  can  be  seen  from  the  formula.  Now,  if  there  exists 
a nose  in  this  case,  then  as  t^zq  tends  to  the  nose  on  the  lower  branch,  Oq  must  tend 
to  +CXD.  This  then  means  that  must  also  tend  to  +oo  at  the  nose.  Incorporating 
all  this,  the  Ai(tj;2p)  vs.  t^zo  for  this  case  can  only  look  as  shown  in  figure  2.9.  As 
we  see  from  this  figure,  a nose  cannot  arise  for  this  case  as  the  conditions  required 
for  a nose,  viz.  Xi{txzq)  = in  this  case,  = +oc,  cannot  be  simultaneously 

met.  Therefore,  the  conclusion  then  is  that  for  fluidities  with  /q  < 0,  a nose  does  not 
arise.  Based  on  this,  we  conclude  that  our  earlier  assertion  that  linear  fluidity  lies  at 
the  edge  of  backward  bending  base  curves  is  correct. 


^ ,(Tv. 


= T 


XZf 


fl  =0 


Figure  2.9:  The  Ai(rj,-^,)  vs.  curve  for  a case  with  /q  < 0 


In  an  endnote,  we  will  present  one  more  method  to  predict  a nose.  In  doing 
this,  we  will  derive  a formula  and  then  use  the  geometric  interpretation  of  an  approx- 
imation of  this  formula  in  predicting  when  a nose  might  occur  for  a general  class  of 
fluidities. 


2.7  Predictions  about  the  Stability  of  the  Base  State 

based  on  a Formula 


A rough  argument  can  be  made  about  the  stability  of  the  base  state  under 

various  conditions  based  on  the  formula  which  states  that  the  power  dissipated  is 
carried  awav  to  the  walls 

“ O^xzo 

In  fact,  this  argument  coupled  with  our  earlier  picture  argument  provides  us  with 
the  motivation  for  studying  the  stability  of  the  base  state  to  small  disturbance.  To 
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Table  2.1:  X\{txzo) ^ ^2{txzo)  vs.  Txzo  for  an  exponential  fluidity:  * indicates  the  value 
of  Txzo  fhe  nose.  All  values  above  this  on  the  table  are  on  the  lower  branch  and 
below  this  are  on  the  upper  branch. 


'^XZo 

i^xzo) 

^2{'^xzo) 

0.15 

1.563 

3.128 

0.30 

1.539 

3.088 

0.50 

1.478 

3.042 

0.70 

1.367 

2.800 

0.90 

1.226 

2.380 

0.93 

1.020 

2.200 

0.93274* 

0.94174 

2.058 

0.93 

0.851 

1.893 

0.90 

0.740 

1.686 

0.70 

0.436 

1.079 

0.50 

0.261 

0.696 

0.30 

0.132 

0.385 

0.15 

0.0569 

0.181 

go  ahead  with  the  argument,  first  consider  the  case  when  the  wall  speed  is  held 
fixed  and  imagine  a disturbance  that  increases  the  temperature  in  the  gap.  An 
increase  in  temperature  causes  a decrease  in  the  average  viscosity  and  therefore  the 
shear  stress  in  the  gap  decreases.  This  causes  a decrease  in  the  power  dissipated 
in  the  gap  and  hence  there  is  less  heat  to  be  conducted  to  the  boundaries  but  a 
higher  temperature  to  do  it.  Hence  the  temperature  everywhere  tends  to  decrease 
thus  offsetting  the  imposed  perturbation.  Similarly,  imagine  a perturbation  that 
decreases  the  temperature  everywhere  across  the  gap.  A decrease  in  temperature 
causes  an  increase  in  viscosity  and  therefore  for  a fixed  wall  speed,  the  stress  in 
the  gap  increases.  This  causes  an  increase  in  the  power  dissipated  and  hence  an 
increase  in  temperature  again  offsetting  the  imposed  perturbation.  Thus,  based  on 
this  rough  argument  we  predict  that  at  constant  velocity  any  small  disturbance  to 
the  temperature  should  decay  with  time  and  the  steady  state  should  be  restored. 
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Now  imagine  a disturbance  to  tiie  steady  state  that  increases  the  temperature 
under  the  conditions  when  the  wall  stress  is  held  fixed.  An  increase  in  temperature 
causes  a decrease  in  viscosity.  Now,  to  keep  the  stress  a constant,  the  velocity  gradient 
has  to  increase  everywhere  in  the  gap.  This  then  means  that  the  wall  speed  must 
increase.  Consequently,  the  heat  generated  increases  and  hence  a higher  temperature 
is  required  to  conduct  this  heat.  Therefore,  the  temperature  must  increase  further. 
Thus,  we  can  see  that  there  is  a positive  feedback  and  unless  the  heat  conducted  to 
the  walls  is  faster  than  the  heat  that  is  produced  by  dissipation,  we  might  conjecture 
that  such  a perturbation  might  grow  with  time.  Thus,  based  on  a purely  thermal 
argument  we  have  concluded  that  a perturbation  at  constant  wall  stress  might  grow 
with  time  whereas  a perturbation  at  constant  wall  speed  decays  with  time.  And  this 
result  is  in  tune  with  our  earlier  picture  argument  based  on  the  decay  of  meclianical 
disturbances  from  which  we  concluded  that  a perturbation  at  constant  stress  lingers 
longer  as  compared  to  a perturbation  at  constant  wall  speed. 

In  the  next  chapters,  we  will  i)erforni  the  stability  calculations  under  these 
two  input  conditions  to  verify  the  suppositions  made  by  these  arguments.  In  doing 
the  stability  calculation,  we  will  impose  a small  perturbation  at  every  point  along  the 
base  curve  and  see  the  evolution  of  the  perturbation.  For  any  point  on  the  curve,  if  the 
small  perturbation  grows  with  time,  then  that  point  on  the  base  curve  is  unstable.  If 
not,  it  is  stable.  To  begin  with,  we  restrict  ourselves  to  a perturbation  that  varies  only 
in  the  transverse  direction.  In  Chapter  3,  we  will  present  the  perturbed  equations 
in  vector  form  and  in  Chapter  4,  we  will  discuss  the  stability  of  these  perturbed 
equations.  Before  we  proceed  to  do  that,  a set  of  endnotes  are  presented  that  will 
help  tie  up  some  loose  ends  and  settle  some  side  issues  that  simply  get  in  the  way  of 
the  main  theme  of  this  chapter. 
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2.8  Endnotes 

2.8.1  Comparison  of  the  Couette  Flow  problem  to  the  Ignition  problem 

The  equation  that  models  the  temperature  held  iii  plane  Couette  how  is  iden- 
tical to  the  equation  that  dehnes  the  thermal  ignition  problem  in  a catalyst  pellet 
with  an  exothermic  zeroth  order  reaction  under  the  restriction  that  the  huidity  is 
exponential  and  the  Frank-Kanmetskii  approximation [2]  can  be  made  to  the  ignition 
equation. 

The  thermal  ignition  problem  deals  with  the  question  of  what  happens  to  a 
combustible  mixture  if  it  is  placed  in  a vessel  with  walls  at  some  specihed  temperature. 
More  precisely,  it  addresses  the  question  of  whether  the  heat  generated  by  combustion 
is  in  balance  with  the  heat  loss  through  the  walls  of  the  vessel.  The  source  of  the  heat 
in  the  thermal  ignition  problem  is  the  exothermic  heat  of  reaction  and  in  the  Couette 
flow  problem,  it  is  the  viscous  dissipation.  Let  us  derive  the  base  equation  for  the 
thermal  ignition  problem  to  see  its  similarity  to  the  base  temperature  equation  in  the 
Couette  flow  problem. 

The  nonlinear  equation  that  describes  the  thermal  ignition  problem  is 


dT 


pCy-^  — A:V  T -|-  p{—AHj-)Qy, 
at 


f,-E/RT 
p—E  I RTjxj 


(2.39) 


where  p is  the  density  of  the  fluid  mixture,  k is  the  thermal  conductivity  of  the  fluid 
mixture,  (AHr)  is  the  heat  released  from  the  exothermic  reaction,  is  the 

Arrhenius  law  for  the  kinetics  of  the  reaction  where  is  the  rate  at  some  reference 
temperature  Ty,  and  E is  the  activation  energy  of  the  reaction. 

Here,  we  will  restrict  ourselves  to  the  discussion  of  a one  dimensional  problem 
in  a plane  vessel.  The  equation  for  a 1-D  plane  vessel  is 


dT 


cfT  p{-AHr)Qy,  _e/rt 


pCy— — — k— — ^ „ , „„ e 


dt 


d.x 


.2 


EjRT, 


(2.40) 
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with  T = Tyj  a,t  X = ±L.  The  stationary  (steady)  state  for  this  problem  is  defined 


by  the  equation 


p{-AHr)Qw 


p^-E/RTni 


f,-E/RTo 


(2.41) 


with  To  = at  a:  = ±T.  To  scale  these  equations,  we  might  immediately  realize  that 
x*  = x/T  is  a dimensionless  length  and  Oq  = RTq/E,  a dimensionless  temperature. 
The  equation  then  becomes 


^ pi-AHr)Qr,L‘^R 

dx*^ 


(2.42) 


with  the  boundary  condition  Oq  = 6^  — RTyj/E  at  x = ±1.  There  are  two  paranreters 
in  this  scaling:  k.  = ^ solution  of  the  above  equation  is  of  the 


form 


Oo  = f{x,K,0^) 


A very  common  approximation  made  to  this  problem  is  called  the  Frank- 
Kamenetskii  approximation.  This  approximation  is  based  on  the  fact  that  in  all 
real  situations  of  practical  importance  one  encounters,  RT^/E  <<  1.  Use  of  this 
approximation  leads  to  just  a one  parameter  equation  for  temperature.  This  equa- 
tion predicts  the  critical  explosion  parameter  reasonably  well  to  justify  its  use  in  all 
situations  of  practical  interest. 

The  Frank-Kamenetskii  approximation  assumes  a priori  that  if  RT^/E  <<  1, 
then  the  temperature  rise  To  — is  also  small.  This  is  proved  to  be  correct  later. 
Assuming  RTy,/E  <<  1 enables  us  to  write 


q-E/RTo  _ ^-E/R{T^+To-Tu,)  ^ ^-E / RT^ ^E(To~T^)l RT'i 


Now,  defining  a dimensionless  temperature  rise  6q  = -^{Tq  — T^)  and  a 

1X1  yj 

dimensionless  length  x*  = x/T,  we  rescale  the  problem  to  obtain 


0 = 


d^^o  p{-AHr)Qu,L^  E 


dx’ 


-k 


fio 


k 


RT2 

± XJ.  yj 


(2.43) 
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with  ^0  = 0 at  X = ±1.  Defining  eLAEi}Q^^  = the  equation  becomes 

0 = ^ + (2.44) 

dx"' 

with  00  = 0 at  ^ il-  Thus  the  Frank-Kamenetskii  approximation  enables  us  to 
get  the  ignition  temperature  rise  just  as  a function  of  one  parameter  viz.  The 
additional  parameter  that  showed  up  from  the  boundary  condition  in  the  previous 
scaling  is  now  eliminated  because  of  the  new  choice  of  the  temperature  scale.  In  this 
form,  the  ignition  equation  looks  identical  to  the  temperature  equation  of  the  Couette 
flow  problem  for  an  exponential  fluidity  dependence  with  the  ignition  parameter  S 
taking  the  role  of  the  shear  stress  However,  unlike  the  Couette  flow  problem, 

wherein  we  have  the  possibility  of  studying  the  stability  of  the  flow  under  two  possible 
restrictions,  viz.  constant  wall  speed  and  constant  wall  stress,  in  the  thermal  ignition 
problem,  we  can  imagine  studying  the  stability  under  only  one  restriction:  at  constant 
S.  One  cannot  conceive  a way  to  study  the  thermal  ignition  problem  fixing  the 
temperature  in  the  gap.  The  temperature  in  the  gap  just  responds  to  the  ignition 
parameter  S.  Hence  it  cannot  be  set. 

The  stability  results  at  constant  S is  available  in  literature[3].  In  the  com- 
ing chapters,  we  will  explore  whether  there  is  some  connection  between  the  stability 
results  for  the  thermal  ignition  problem  and  the  Couette  problem  with  viscous  dissi- 
pation as  we  have  already  seen  a similarity  between  the  two  problems  just  by  looking 
at  the  base  equations. 

Now,  coming  back  to  see  how  a small  value  of  RT^/ E <<  1 relates  to  (Tq  — 
Tb)  <<  Tb,  realize  that  the  maximum  temperature  from  the  temperature  equation 
is  given  by  0Om  = which  implies  that  for  a fixed  5,  0Om  a fixed.  Now,  rewriting 
the  temperature  scale  for  the  maximum  temperature,  we  obtain 


(T„.  - T„)  = . BTHE 
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which  can  be  rewritten  as 


- T^)/T,„  = do^  * RT^/E 


and  therefore  this  implies  that  for  a fixed  9q^,  if  RT^/E  <<  1,  then  the  temperature 

rise  is  also  small  enough,  i.e.  (Tq„^  — T^j)  <<  T^j. 

2.8.2  Other  Scaling  Options 


Earlier  in  this  chapter,  we  discussed  one  option  to  scale  the  base  equations. 
This  scaling  was  based  on  Tref  = 1/5  and  Kef  = \/k/Snw  However,  based  on  other 
choices  of  Kef  and  Kef,  other  scaling  options  are  possible.  We  will  discuss  them  here. 

In  one  such  scaling,  we  choose  the  reference  temperature  Kef  = Ku-  The 
scaled  temperature  rise,  therefore  is  0^  = (K  — Tyj)/Tw  The  velocity  scale  is  then 
chosen  so  as  to  set  the  term  to  be  unity.  Therefore,  Kref  = y/ [kTyj / fiyj) . The 

shear  stress  scale  then  directly  follows  from  this  just  like  in  the  earlier  scaling,  i.e., 

'^xz,gi  — l^w^ref  / L "sj kT’iu Hyj  j E . 


The  obvious  advantage  of  this  scale  compared  to  the  earlier  scaling  is  that 
the  case  of  constant  viscosity  can  be  recovered  by  putting  5 = 0.  The  price  paid  in 
deriving  this  advantage  is  that  we  do  not  have  a single  master  curve  of  the  scaled  wall 
speed  vs.  the  scaled  wall  stress  even  for  one  parameter  fluidity-temperature  models 
like  the  linear  and  the  exponential.  Instead,  we  have  a family  of  curves  of  the  scaled 
wall  speed  vs.  the  scaled  wall  stress  with  the  sensitivity  occurring  as  a parameter. 

In  another  option,  the  velocity  is  scaled  with  respect  to  the  wall  speed.  There- 
fore, Kef  = V'o  and  the  scaled  velocity  = vq^/Vq.  The  stress  scaling,  like  always, 
follows  from  the  velocity  scale  and  it  is  Txz,.^i  = Also,  the  reference  temper- 

ature Kef  is  chosen  to  be  the  wall  temperature  Ku-  This  generates  the  group,  the 
Brinkman  number,  Br  = /iwVg/kTw,  in  the  scaled  temperature  equation. 


0 — + Br/fg 

dx’* 


dx* 


(2.45) 
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where  the  Brinkman  number,  Br 

dv 


0 


kT. 


. Now,  integrating  the  scaled  equation 


W 


'^XZO  dx’ 


with  the  boundary  condition  that  = 1 at  a:*  — 1 and  — 0 at 


X*  = —1,  we  obtain 


1/*  — 1 — T* 

^ ‘ xzo 


/o*da:’ 


(2.46) 


-1 


Therefore,  is  given  by 


T = 
xzo 


/o*dx’ 


(2.47) 


./-i 


Let  Ao*^  = Brr*^  . Then,  the  temperature  equation  above  can  be  rewritten  as 


xzo 


0 


^0 

dx" 


r * 


I + Ao*  ,/o 


(2.48) 


If  is  fixed  as  an  input  then  the  dimensionless  temperature  profile  in  the  gap  can 
be  calculated  using  this  equation.  Once  9q  is  known,  then  can  be  calculated. 
From  this,  the  Brinkman  number  can  be  calculated  using  the  relation  Br  = Ag  /Lczo- 
Therefore,  a plot  of  Br  vs.  can  be  obtained  with  the  sensitivity  as  a parameter. 
The  following  points  are  noteworthy  about  this  scaling. 


• The  case  of  constant  viscosity  can  be  recovered  with  this  scaling. 


• The  scaling  of  the  velocity  with  respect  to  the  wall  speed  renders  the  scaled 
wall  speed  Vg*  unity  for  all  cases.  Therefore,  in  this  scaling,  the  scaled  wall 
speed  is  not  a useful  parameter.  However,  the  effect  of  change  in  wall  speed 
can  be  studied  through  the  parameter,  the  Brinkman  number. 


The  last  option  employs  a new  velocity  scale.  Multiplying  and  dividing  the 
heat  generation  term  in  the  temperature  equation  by  the  specific  heat  C„,  we  obtain 


0 = 


0 


d.T 


* 2 


+ 


PrC  * 

PO 


ef 


dx* 


2 


(2.49) 


where,  Pr  = Cyp,w/k,  the  Prandtl  number  of  the  liquid  in  the  gap.  Now  choosing 


Vref  = v/(C„Tref),  we  obtain 


dx* 


2 


(2.50) 
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For  fluidities  like  the  linear  and  exponential  forms  which  have  only  one  sensi- 
tivity parameter,  if  the  choice  of  Tref  is  T„,,  then  we  have  two  dimensionless  parameters 
in  the  scaled  equation:  (i)  the  Prandtl  number,  Pr,  and  (ii)  the  product  ST-^j,  where 
S is  the  sensitivity.  On  the  other  hand,  if  Tref  = 1/5',  then  the  only  parameter  in  the 
model  is  Pr.  The  shear  stress  scaling  then  directly  follows  from  the  velocity  scaling. 


i.e.,  — l^^w^ref  / L f.Ly^ J L . 

The  equations  in  this  scaling  are  very  similar  to  the  equations  arising  from 
the  scaling  given  in  the  body  of  this  chapter  with  the  difference  that  the  Prandtl 
number  of  the  fluid  in  the  gap  multiplies  the  dimensionless  heat  generation  term  in 


this  scaling.  The  equations  written  in  terms  of  the  shear  stress  are 


■+i 


V*  — T* 

~ ‘xzQ 


/o*dx- 


(2.51) 


-1 


0 = ^ + Pr</o' 


dx 


«2 


(2.52) 


Therefore,  we  have  a family  of  curves  of  Vo  vs.  with  Pr  as  a parameter. 


In  this  scaling,  the  velocity  scale  (and  hence  the  stress  scale)  is  independent  of  the 

thermal  conductivity.  We  will  And  this  scaling  to  be  extremely  useful  when  we  view 

a change  in  the  Prandtl  number  as  the  change  in  thermal  conductivity  holding  the 

specific  heat  and  the  wall  viscosity  fixed. 

2.8.3  Summary  of  the  method  that  predicts  a Nose 


In  this  endnote,  we  will  summarize  the  key  ideas  that  we  introduced  earlier 
in  this  chapter  to  predict  when  a nose  ought  to  occur  in  the  base  curve.  We  will 
begin  this  by  declaring  what  we  mean  by  a nose:  we  call  a nose  as  a point  on  the 
base  curve  at  which  goes  unbounded.  As  we  could  prove  that  when  goes 
unbounded,  also  goes  unbounded,  we  decided  that  it  is  sufficient  to  inquire  when 
-r^  goes  unbounded  to  predict  a nose.  To  do  this,  we  calculated  the  derivative  of  the 

QTxzq 

temperature  equation  with  respect  to  Txzo  to  get  an  equation  for  . The  equation 
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IS 


d% 

dx'^ 


+ /o  ''"xzo^O  d-  2,/o'Tx2o 


with  ^0  = 0 at  X = ±1,  where  Oq  = This  equation  has  a solution  provided  a 

solvability  condition  is  satisfied.  The  condition  is: 

/■+1 


{ 


0, homogeneous 


where  ^o, homogeneous  IS  the  solution  to  the  homogeneous  problem.  As  Txzq  is  increased 
from  zero  along  the  lower  branch,  the  homogeneous  part  of  the  Oo  equation  has  only 
a trivial  solution  as  long  as  Txzq  is  less  than  Ai,  where  Ai  is  the  leading  eigenvalue  for 
the  problem 


dVi 

dx‘^ 


+ ./o  A^0i  — 0 


with  01  = 0 at  a:  = ±1.  Therefore,  the  solvability  condition  is  automatically  satisfied. 
But,  when  becomes  large  enough  such  that  t^zq  = Ai,  the  homogeneous  part  of 
the  ^0  bas  an  eigensolution  and  the  solvability  condition  becomes 


/•+i 

I {-2foTxzo}  <t>idx  = 0 

This  cannot  be  satisfied  as  0i  is  singly  signed  and  all  the  other  quantities  are  positive. 
Thus,  we  concluded  that  when  Txzq  = Ai,  Oo  must  become  inhnitely  large,  which  by 
our  dehnition  is  the  nose  of  the  base  curve.  We  then  determined  a formula  for  how 
the  eigenvalues  change  with  respect  to  Txzo-  If  is 

2 _ ^ 2./-1 

J_j  /o  (pi  dx 

Using  this  formula  we  were  able  to  conclude  that  a nose  arises  on  the  base  curve  if 
/o  > 0.  This  conclusion  was  based  on  the  following  observations: 


• No  matter  what  the  fluidity  is,  at  Txzo  = 0 on  the  lower  branch,  the  fundamental 
eigenvalue  starts  at  its  linear  fluidity  value,  7t/2. 
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• Along  the  lower  branch  9q  is  positive,  i.e.  9^  increases  with  an  increase  in  Txzq- 

• • 

As  every  other  term  in  the  Xf  formula  is  singly  signed,  it  then  follows  that  A? 

is  negative®.  Therefore,  we  concluded  that  as  Txzo  is  increased  from  zero  along 
the  lower  branch  Ai  starts  to  decrease  from  tt/2  until  they  both  meet  at  the 
nose. 

• 2 

Thus  Xi  equation  turns  out  to  be  useful  in  understanding  when  a nose  ought  to  occur 
on  the  base  curve. 

2.8.4  The- prediction  of  nose  for  general  Fluidities  based  on  a Slope-Chord  Formula 


In  the  main  body  of  this  chapter,  we  introduced  an  eigenvalue  problem  to 
predict  when  a nose  ought  to  occur  in  the  base  curve  of  the  wall  speed  vs.  the  wall 
stress.  We  restricted  ourselves  to  fluids  with  /q  > 0,  /q  > 0.  We  concluded  that 
the  behavior  of  the  fundamental  eigenvalue  Ai  as  a function  of  the  shear  stress  Txzq 
is  the  key  to  the  prediction  of  the  nose  and  in  fact,  we  defined  a nose  as  a point  at 
which  Xi{txzo)  = Txzo-  this  endnote,  we  will  derive  a formula  and  use  the  geometric 
interpretation  of  this  formula  in  the  prediction  of  a nose.  This  is  just  one  more  way 
of  looking  at  the  problem  of  the  prediction  of  the  nose  and  in  doing  this,  we  will  once 
again  use  the  condition  Ai(ti2o)  = Txzq  the  one  defining  the  nose. 

To  get  the  formula,  we  substitute  (j)  = (j>i  and  A^  = Af  into  the  eigenvalue 
problem 


d^(/> 

d.T^ 


+ ./o  X^  = 0 


and  multiply  it  by  9q  and  then  subtract  from  this,  the  temperature  equation 


0 


d.T^ 


+ foTxzo  — 0 


multiplied  by  4>i  and  then  integrate  the  difference  over  — 1 < x < 1 to  get 


^ ^ Jl!  f'o(l>i0odx 

.Midx 


(2.53) 


^For  linear  fluidity,  and  therefore  Xj  is  zero. 
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which  can  be  written  as 


r. 


xzo 


I-'  S<^i^od.x 


^1  f-i  ^.Mi^odx 


(2.54) 


This  tells  us  that  at  any  value  of  is  to  Xf(Txzo)  as  the  average  slope  of  the 


fluidity  curve  is  to  the  average  slope  of  the  line  running  from  the  origin  to  the  fluidity 
curve.  The  average  referred  to  here  is  a special  kind  of  average;  it  requires  us  to 
multiply  the  quantity  in  question  at  every  point  in  the  gap  by  the  product  of 
at  that  point  and  then  sum  it  all  over  the  entire  gap  width.  Now,  if  the  average 
slope  of  the  line  running  from  the  origin  to  the  fluidity  curve  is  equal  to  the  average 
slope  of  the  fluidity  curve  then  it  implies  = Af,  which  is  our  definition  of  a nose. 
To  use  this  formula  to  predict  when  a nose  might  occur  for  various  fluidity  types  is 
our  objective.  To  do  this,  we  will  pretend  that  this  ’integral  average  formula’  that 
we  derived  can  be  applied  locally  for  a point  in  the  gap.  We  will  choose  the  point 
to  be  the  centre  of  the  channel,  i.e.  x = 0.  The  corresponding  temperature  is  the 
maximum  temperature  in  the  gap.  Therefore,  the  formula  can  be  approximated  to 


T, 


^^0 

A? 


dfo 

cWo 


rn 


fo 

Oo 


rn 


Now,  we  can  compare  the  slope  of  the  fluidity  curve  and  the  slope  of  the  line  drawn 
from  the  origin  to  the  fluidity  curve  at  the  maximum  temperature  and  then  from  that 
conclude  whether  X\{txzo)  is  greater  than  or  lesser  than  t^zq-  Figure  2.10  illustrates 


this  method  for  the  three  fluidities  being  considered:  (a)  /g  > 0 (b)/o  < 0,  (c) 
Arrhenius  fluidity.  Every  point  along  the  curve  corresponds  to  some  wall  speed  Vg 
we  might  set.  Using  this  formula,  we  may  predict  whether  a point  on  the  base  curve 
is  on  the  lower  branch  or  on  the  upper  branch. 

The  first,  /g  positive,  is  representative  of  the  fluids  of  interest  to  us.  The 
fluidity  curve  tells  us  that  when  0g  is  small,  the  slope  of  the  line  from  the  origin  to  the 
fluidity  curve  is  greater  than  the  slope  of  the  fluidity  curve  and  hence  X\{txzq)  > t^zq- 
However  as  9q  increases,  there  comes  a point  where  the  slope  of  the  line  from  the 
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Figure  2.10:  Prediction  of  the  nose  based  on  the  Slope-Chord  relationship.  a)/o  > 0, 
b)/o  < c)  Arrhenius  fluidity 
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origin  to  the  fluidity  curve  is  ecjual  to  the  slope  of  the  fluidity  curve  and  hence 
^i('Tr2o)  ~ '^xzo  2nid  thereafter  the  slope  of  the  fluidity  curve  is  greater  than  the  slope 
of  the  line  from  the  origin  to  the  fluidity  curve  and  hence  \\{txzo)  < t^zq-  This  is  a 
reaffirmation  of  what  we  already  know  for  fluids  with  /q  > 0. 

The  second  case  is  when  /q  is  negative.  Here,  the  slope  of  the  fluidity  curve  is 
always  less  than  the  slope  of  the  line  to  the  fluidity  curve  and  hence  remains 

above  Txzq-  The  corresponding  base  solution  curve  cannot  exhibit  a nose  and  the 
lower  branch  continues  to  the  right  as  Txzq  increases  indefinitely.  Recall  that  from  the 
Xf  formula,  we  arrived  at  the  same  conclusion. 

The  third  fluidity  curve  suggests  that  an  Arrhenius  fluidity  curve  might  be 

expected  to  produce  two  noses  and  indeed  this  is  what  is  seen  in  calculations  of 

Davis  et.  al.[4].  Here  as  the  wall  speed  increases,  the  wall  stress  first  increases,  then 

decreases  before  turning  again  and  increasing.  The  third  branch  corresponds  to  a 

slowing  of  the  increase  in  the  fluidity  where  /q  < 0. 

2.8.5  A note  on  the  Base  Curve  of  Fluids  with  fp  < 0 

The  main  emphasis  of  this  chapter  was  in  studying  the  base  solutions  for 
the  class  of  fluids  whose  fluidity  increases  with  an  increase  in  temperature.  Liquids 
generally  fall  under  this  category.  For  the  sake  of  completeness,  in  this  endnote  we 
will  look  at  the  class  of  fluids  whose  fluidity  decreases  with  an  increase  in  temperature, 
i.e  fluids  with  /q  < 0. 

We  refer  to  the  scaled  equations  that  describe  the  base  velocity  and  temper- 
ature for  plane  Couette  flow, 

Vo  = Txzq  j /oda: 


and 
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with  the  boundary  condition  0q{x  = ±1)=0 
the  ^0  equation 


+ /o  Txzo^^  + 2/oT: 


XZq 


with  the  boundary  condition  Oo{x  = 
eigenvalue  problem 

d'01 


±1)  = 0 and  the  corresponding  homogeneous 


+ /o  — 0 


The  hist  observation  is  based  on  the  eigenvalue  problem.  As  /q  is  negative, 
this  equation  with  the  boundary  conditions  = ±1)  = 0 has  only  the  trivial 

solution.  This  then  means  that  the  solvability  condition  that  determines  9o  is  always 
satished  and  Oq  is  uniquely  determined  and  hence  a nose  does  not  arise  for  huids  with 


fo  < 0. 

The  second  observation  is  based  on  the  Oq  equation.  Using  this  equation,  we 

• • 

conclude  that  = 0 when  t^zq  — 0 and  then  that  > 0 when  is  small.  To  make 

the  conclusion  that  6*o  > 0 for  small  t^zq,  as  before,  we  drop  the  term  with  in  it 

from  the  Oq  equation.  Luckily,  it  is  also  the  only  term  in  the  equation  with  /q  in  it. 

Therefore,  the  fact  that  /q  is  negative  now  does  not  introduce  anything  new  in  the 

argument  and  hence,  as  we  concluded  before,  we  conclude  that  is  positive  at  small 

Lczo-  Now,  to  prove  that  continues  to  remain  positive  as  t^zq  increases,  we  again 

call  for  the  proof  by  contradiction.  To  do  this,  we  look  for  a point  in  the  interior  and 

for  a Txzo  > 0 whether  setting  Oq  = 0 leads  to  any  contradiction.  Here  again,  setting 

00  = 0 gets  rid  of  /q  from  the  equation.  Now,  a typical  Oq  profile  with  a zero  in  the 

interior,  if  it  is  possible,  would  look  like  in  figure  (2.11)  Notice  at  the  point  where 

the  temperature  rises  from  Oq  = 0 in  the  interior,  > 0 but  then  the  Oq  equation 

would  not  allow  this.  As  we  have  already  proved  that  a nose  does  not  arise  for  fluids 
/ • 

with  /q  < 0,  we  can  conclude  that  Oq  > 0 for  all  values  of  r^zg  , i.e.,  Oq  and  r^zg  are 
increasing  functions  of  one  another. 

We  will  consider  the  following  two  cases  for  further  discussion. 
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Figure  2.11:  A Oq  profile  with  a zero  in  the  interior. 

• Linear  viscosity  =>  /o  = 

• Exponential  viscosity  =>  /o  = e“^“ 


V — ^Om  relationship  for  fluids  with  /q  < 0: 


Using  the  equation 


./odi^o 


V ^0 

which  relates  the  maximum  temperature  in  the  gap  and  the  wall  speed,  we  get  for 
the  case  of  linear  viscosity,  //q  = 1 + ^O) 


Vo  — 2\/2\/ln(l  + ^Om) 


and  for  exponential  viscosity,  //.q  = e^°: 

Uo  = 2\/2v^l  - e-^o- 


The  above  equations  suggest  that  even  though  the  scaled  velocity  Vq  is  an  increasing 
function  of  the  scaled  maximum  temperature  6'o,„,  the  increase  is  sluggish.  In  fact,  for 
an  exponential  viscosity,  the  scaled  velocity  Vq  asymptotically  approaches  the  value 
of  2^. 

2.8.6  The  variation  of  TnAlr\  with  respect  to  A in  the  limit  of  A — >■  0 

In  the  main  body  of  this  chapter,  we  proved  that  the  quantity  roA/r^,  where 
To  has  the  units  of  torque  per  unit  length  and  A is  f2  — ri,  approached  the  value  of 
the  product  where  Txz^L  is  independent  of  L,  as  the  gap  width  goes  to  zero. 

However,  we  do  not  know  whether  ToA/tj  — >•  Txz^L  from  the  right  or  from  the  left 
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as  A — > 0.  This  is  exactly  what  we  will  find  out  in  this  endnote.  Mathematically, 
the  problem  is  to  calculate  the  sign  of  A {^)  ^ A — 0 for  a fixed  wall  speed  Vo- 
lt turns  out  to  be  positive  which  makes  us  conclude  that  in  a graph  of  the  Vq  vs. 
ToA/rf,  tqA/t\  approaches  Txz^L  for  a fixed  value  of  wall  speed,  Vq,  from  the  right. 

To  perform  this  calculation,  consider  the  equations  that  describe  how  the  base 
velocity  and  the  temperature  behave  for  small  e = A/ri.  These  are 

Vo  (1  - e)  = tqA  / ^ (1  “ 3r*e)  dr*  (2.55) 

v/r*=0  /^'O  ^'l 


and 


Q = k 


d^T, 


dr 


* 2 


0 , iL  ^^0  I ^ 

+ k(-—  + 


r^A^ 


dr* 


/*o 


r 


(1  — 4r*e) 


(2.56) 


1 


and  we  choose  the  following  boundary  conditions  on  temperature: 


cm 

dr* 


(r*  = 0)  = 0,To{r*  = 1)  = 0 


This  choice  of  boundary  condition  turns  out  be  useful  to  make  some  conclusions 
about  the  sign  of  ^^(e  = 0)  as  we  will  find  out  later.  Let  Go  = ToA/r\.  It  is  worth 
noting  that  Go  has  the  units  of  force  per  length.  Then  the  above  equations  can  be 
rewritten  in  terms  of  Go  as 


•r*  = l 


Id,  (1  - e)  = G 


1 


0 


r*=0  /^O 


(1  — 3r*e)  dr’ 


(2.57) 


d^T. 


0 = k- — I + k(-^  H Gg  (1  — 4r*e) 


dr. 


0 


1 


dr 


.^“2 


dr 


//'O 


(2.58) 


Now,  scaling  these  equations  based  on  the  scale  that  we  introduced  in  the  main  body 
of  this  chapter  i.e,  9o  = S{To  - T^),  //.q  = l-io/kw,  Iq*  = /r^ 

k / S fi-u)  'sykHuu/S 

we  obtain  after  dropping  the  *, 


>r=l 


Vo  (1  - e)  = Go  / ./o  (1  - 3re)  dr 

Jr=0 

d^0o  ^ dOo  ^ _ 2 n a ^ 

0 = + e— h ,/oGo  (1  - 4re) 


(2.59) 


dr^ 


dr 


(2.60) 
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where  /o  is  the  fluidity,  l//io-  Now  it  is  obvious  from  these  equations  that  for  a fixed 
Vo)  Gq  varies  as  the  gap  width,  e,  is  changed.  In  this  calculation,  we  aim  to  evaluate 
this  variation  in  a certain  limit.  Specifically,  we  look  for  = 0).  To  do  this,  let 

us  expand  the  variables  in  a regular  perturbation  series  about  e = 0.  Accordingly, 
we  write 

/^(o)  1 

^0  = 

/o  = ./r+f/r 

Vo  = Vf’+cFj'^  (2.61) 


Terms  of  order  higher  have  been  neglected  under  the  assumption  that  e is  small. 
The  superscript  N)  refers  to  the  variables  evaluated  at  e = 0 and  superscript  d)  refers 
to  = 0).  Here,  Gg  = = 0)  is  the  quantity  that  we  are  interested  in 

evaluating. 

Now,  to  perform  this  calculation,  a choice  of  input  variable  has  to  be  declared. 
Fixing  the  wall  speed  as  the  input  variable  seems  to  the  natural  choice  for  this 
calculation.  This  then  implies  that  no  perturbations  on  the  wall  speed  are  allowed 
as  we  keep  it  fixed  at  Therefore,  we  set  V))^d  = q.  Using  the  perturbation 

expansion  for  variables  in  the  equation  for  velocity  and  temperature,  we  obtain 

V„'“>  (1  - e)  = (0<°>  + fG<")  r ‘ (/f  + (/<•>)  (1  - 3«)  dr  (2.62) 

Jr=0 


+ {fi°'  + efi")  (of  + fG™)"  (1  - 4re) 

(2.63) 


Collecting  terms  of  order  and 


, we  obtain  for  0(e°) 

= r ' Cdr 


r=0 


2 


(2.64) 


(2.65) 
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and  to  O(e^) 


-V<0)  = -3Gf 


>r=l 


r=0 


r/o  Mr  + G 


0 


‘r=l 


J r=0 


/™'e<"dr  + Gi'> 


'T—l 


r=0 


/d°^dr 


(2.66) 


0 = + ° 


dr^ 


dr 


(2.67) 


where  /d°^  refers  to 

dflo 


d/, 


(0) 


The  O(e^)  equation  in  temperature  can  be  rewritten  as 


2/3(1) 


0 


dj-2 


1 ^(0)^  f(0)  ^(1)  

+ tjQ  /o  1^0  ~ 


d^, 


(0) 

0 


2GrG[,'>/i°’  + 4Gi“’  /i"V 


(0)2  .(0) 


dr 


(2.68) 


Now,  we  choose  the  wall  speed  to  correspond  to  the  nose  value  of  Gq^\  This 
choice  of  is  very  important  to  draw  some  conclusion  about  the  sign  of  Gq  as 
any  other  choice  would  lead  to  only  a trivial  solution  for  the  homogeneous  problem. 
To  see  this,  it  is  worth  recalling  that  the  homogeneous  part  of  this  problem  directly 
relates  to  the  eigenvalue  problem  that  we  introduced  to  predict  when  a nose  ought  to 
occur.  Hence,  choosing  Vq  ^ corresponding  to  any  point  on  the  lower  branch  would 
imply  Ai((T[,°^)  > Gq  and  hence  we  have  only  a trivial  solution  for  the  homogeneous 
problem  and  similarly  choosing  Vg  corresponding  to  any  point  on  the  upper  branch 
implies  Ai(Gq°^)  < Gq^^  and  therefore  once  again  we  have  only  a trivial  solution  to  the 
homogeneous  problem.  Only  at  the  nose,  the  homogeneous  problem  has  a non-trivial 
solution  as  there  Ai(G[,°^)  = Gq’^  and  therefore  the  equation  has  a solution  only 
if  a solvability  condition  is  satisfied.  We  make  of  use  this  condition  to  make  our 
predictions  about  the  sign  of  The  solvability  condition  is 


0 


</>!  <!  - 2GrG'('\/r  + 4Gl,Gy(% 


0 


(2.69) 


where  (/>i  is  the  eigensolution  to  the  homogeneous  problem.  This  determines  the  value 


of  It  is 


^(1)  9^(0)  Jo 

Uq  — ZLtq 


Io<t>ir.C^dr  /o^i^dr 


0i/g^°'dr 


(2.70) 


00 


Figure  2.12:  Schematic  of  the  variation  of  scaled 
of  zero  gap  width 


torque  with  gap  width  in  the  limit 


As  (j)\  is  singly  signed  and  is  negative,  this  equation  tells  us  that  that  Gq 
is  positive.  This  then  implies  = 0)  > 0.  Therefore,  we  have  arrived  at  the 

following  result:  Go  the  nose  of  the  base  problem  increases  as  the  gap  width  is 
changed  from  zero,  holding  the  wall  speed  fixed.  Figure  2.12  illustrates  this  result. 

The  following  points  are  worth  mentioning  before  concluding  this  endnote: 


• The  actual  torque  tq  decreases  as  the  gap  width  is  increased  holding  the  wall 
speed  fixed.  Even  though  we  did  not  prove  this,  we  would  expect  this  to  be 
true  based  on  physical  reasoning. 

• Figure  2.12  shows  that  the  value  of  the  wall  speed  at  the  nose  increases  as  the 
gap  width  is  increased  from  6 = 0 to  6 = e.  Even  though  we  did  not  prove  this. 

numerical  calculations  indicate  such  a trend. 

2.8.7  A Heuristic  Model  for  the  olaiie  Couette  flow  problem 

In  this  endnote,  we  develop  a heuristic  model  to  describe  the  base  flow  for  the 
plane  Couette  problem  with  frictional  heating.  The  motivation  behind  developing 
a heuristic  model  for  this  case  wherein  even  the  rigorous  model  has  been  solved 


56 


completely  is  simply  to  demonstrate  that  while  studying  complicated  flow  problems 
it  might  be  useful  to  resort  to  a heuristic  model  as  a screening  device  and  then  decide 
based  on  this  whether  a problem  ought  to  be  inspected  in  greater  detail. 

The  heuristic  models  are  not  derived  as  much  as  they  are  written  from  in- 
tuition. The  idea  is  to  retain  the  physics  of  the  problem  with  the  simplest  model 
possible.  Examples  of  this  can  be  found  in  literature[5,6,7]-  Most  of  the  examples 
have  to  do  with  how  the  flow  rate  in  a pipe  depends  on  the  pressure  drop  across  the 
pipe  when  the  viscosity  is  a function  of  temperature.  In  these  problems  the  temper- 
ature changes  longitudinally,  in  the  direction  of  the  flow,  and  transversely,  across  the 
flow.  The  first  usual  step  in  writing  a heuristic  model  is  to  approximate  the  trans- 
verse variation  by  a single  temperature,  some  kind  of  average.  The  problem  then 
becomes  purely  longitudinal.  The  plane  Couette  flow  problem  with  frictional  heating 
is  the  simplest  of  problems  of  this  kind  as  conditions  are  uniform  in  the  longitudinal 
direction  and  this  therefore  enables  us  to  examine  the  approximation  in  the  trans- 
verse direction  in  its  pure  form.  In  this  endnote,  we  establish  the  fact  that  at  least 
in  this  case,  the  heuristic  model  retains  the  essential  physics  of  the  problem. 

To  write  a simple  model  for  this  without  giving  away  anything  essential,  we 
start  with  the  idea  that  in  a longitudinally  uniform  flow,  the  frictional  power  loss 
comes  into  balance  with  the  heat  loss  to  the  wall.  In  this  state,  the  temperature 
of  the  fluid  rises  above  the  temperature  of  the  wall  and  while  in  fact  there  is  a 
transverse  temperature  variation,  this  is  replaced  in  the  simplest  model  by  some 
average  temperature  denoted  by  T.  Then  the  heat  balance  condition  is  simply 

Vt^.WB  = h{2WB}{T  - T^}  (2.71) 

where  the  left  hand  side  of  the  equation  is  the  heat  generated  by  viscous  dissipation 
and  the  right  hand  side  denotes  how  the  heat  is  being  carried  away  to  the  walls.  Here 
h is  a heat  transfer  coefficient  whose  order  of  magnitude  can  be  estimated  in  laminar 
flow,  B is  the  length  of  the  plate  and  W is  the  width  of  the  plate.  Now,  rewriting  2h 
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as  h the  above  equation  can  be  rewritten  as 

VV,,  = h{T  - T^} 


(2.72) 


To  this  we  add  the  law  that  describes  how  V depends  on  Txz  for  a transversely  uniform 
viscosity  jx.  It  is 

'Txz  = IJyiL  (2.73) 

This  equation  might  roughly  predict  the  the  dependence  of  V on  both  t^z  and  // 
where  ji  is  evaluated  at  the  temperature  determined  by  the  heat  balance  condition. 

To  the  heat  balance  and  the  flow  law  we  add  the  temperature  dependence  of 
viscosity.  As  before,  we  work  in  terms  of  fluidity,  the  reciprocal  of  viscosity  and  we 
consider  two  cases:  linear  fluidity  and  exponential  fluidity.  In  each  case,  we  write  the 
fluidity  in  terms  of  the  scaled  temperature  rise,  denoted  0,  where  9 — S{T  — T^)  and 
S describes  the  sensitivity  of  the  fluidity  to  the  temperature. 

In  the  case  of  linear  fluidity,  the  fluidity-temperature  relationship  is 


9"w 


1 + 9 


(2.74) 


and  for  exponential  fluidity,  it  is 


9' 


(2.75) 


Eliminating  in  the  equation  defining  the  stress  using  the  fluidity-temperature  re- 
lationship, and  then  eliminating  9 in  the  result  using  the  heat  balance  equation,  we 
obtain  for  linear  fluidity 


L 


TxzVS 

h 


(2.76) 


and  for  exponential  fluidity 


= e{‘+“^} 


T 


xz 


L 


(2.77) 
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To  scale  these  formulas  we  resort  to  the  velocity  scale 


k 


S^i. 


and  therefore  a stress 


W 


scale  of  \ 1 j • Then,  in  scaled  terms,  indicated  by  * the  equations  become 


V*  = 


1 + } r,. 


(2.78) 


for  linear  fluidity  and 


to  the  following  formulas 


V*  = 7-* 

^ XZ 

(2.79) 

Nu  = Taking  Nu  to  be  of  order  one 

^ then  leads 

F*  = (1  + T* 

* ‘ XZ  * J XZ 

(2.80) 

^ - e T^z 

(2.81) 

where  the  corresponding  temperature  rise  can  be  obtained  as 


0 = (2.82) 

The  base  curve  of  V*  — is  illustrated  graphically  in  flgure  2.8.7.  These  are 
universal  or  master  curves.  In  this  scaling  there  is  only  one  linear  fluidity  and  one 
exponential  fluidity  curve.  To  get  back  to  the  unsealed  variables,  the  scaling  laws 
must  be  used.  As  increases,  the  formulas  tell  us  that  V at  first  increases  linearly, 
while  T — Tu,  increases  quadratically.  They  also  tell  us  that  if  experiments  are  run  on 
geometries  of  various  gap  widths,  the  temperature  rise  will  be  the  same  in  all  pipes 
if  V is  held  fixed  but  not  if  t^z  is  held  fixed.  It  is  worth  recalling  that  this  result  is 
in  tune  with  an  earlier  result  in  which  we  came  to  the  conclusion  that  the  maximum 
temperature  in  the  gap  is  independent  of  the  gap  width  if  the  velocity  is  held  fixed 
and  that  was  from  a scaling  argument  based  on  the  actual  equations  that  describe 
the  flow. 


’^This  assumption  is  not  necessary  for  what  follows  but  is  done  only  for  the  simplification  obtained. 
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Figure  2.13:  Heuristic  Model:  Plot  of  Wall  speed  vs.  wall  stress 

The  formulas  also  predict  that  all  velocities  can  be  obtained  over  a bounded 
range  of  shear  stress  and  that  the  linear  fluidity  shear  stress  bounds  the  exponential 
fluidity  shear  stress.  The  exponential  fluidity  curve  is  double  valued  and  linear  fluidity 
would  seem  to  be  the  critical  fluidity  at  which  curves  go  from  single  valued  to  double 
valued.  We  have  seen  all  of  this  to  be  true  from  our  calculations  from  an  actual 
model. 

Looking  at  the  nose  of  the  exponential  fluidity  curve,  we  conclude  that  if 
experiments  are  run  on  a series  of  geometries  of  different  gap  widths,  the  value  of  V 
at  the  nose  will  be  the  same  in  all  experiments  but  not  the  value  of  r^z-  This  can  be 
seen  by  observing  that  there  is  a master  curve  for  a given  fluidity  and  hence  there  is 
only  one  value  for  V*  and  r*^  at  the  nose  for  a given  fluidity,  in  this  case,  exponential. 
Unsealing  V*  using  the  velocity  scale  gives  the  actual  value  of  V . The  velocity  scale 
is  y/kjsjiw  which  is  independent  of  the  gap  width.  Hence,  the  actual  value  of  the 
velocity  at  the  nose  is  independent  of  the  gap  width.  However,  as  the  stress  scale  is 


y/ k Hw / S L'^ , the  actual  value  of  the  stress  at  the  nose  depends  on  the  gap  width. 
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The  foregoing  indicates,  but  of  course  does  not  prove,  that  simple  models  can 
describe  much  of  what  is  interesting  in  physical  processes.  The  predictions  from  these 
simple  models  can  be  used  in  the  design  of  experiments. 

The  simple  model  used  to  describe  frictional  heating  first  requires  the  temper- 
ature rise  to  be  proportional  to  the  shear  stress  and  the  velocity  and  then  requires  the 
velocity  to  be  proportional  to  the  product  of  fluidity  and  the  shear  stress.  This  would 
seem  to  capture  the  essence  of  this  problem  and  indicates  the  path  by  which  heuris- 
tic models  can  be  developed.  All  proportionality  factors,  geometric  dependence,  etc. 
take  their  isothermal  form. 

2.8.8  Vn  — Tn  — relationship  in  Circular  Couette  Flow 

The  mathematical  manipulations  required  to  get  the  V — 0Om  ~ relationships 
in  circular  Couette  flow  are  very  similar  to  those  undertaken  for  plane  Couette  flow. 
However,  unlike  in  plane  Couette  flow,  the  temperature  profile  in  circular  Couette 
flow  is  not  symmetric  with  respect  to  the  gap  width  and  the  position  of  the  maximum 
temperature  in  the  gap  is  not  known.  So,  to  help  us  proceed  with  the  calculation, 
we  make  the  inner  wall  adiabatic,  i.e  = ?/)  = 0,  where  rj  = ri/r^-  This  fixes  the 
position  of  the  maximum  temperature  in  the  gap. 

Multiplying  the  temperature  equation 


0^  1 d / dgp\  ^ To  Vo 
r dr  \ dr  / 

by  r and  integrating  with  the  boundary  condition  that  the  inner  wall  is  adiabatic 
and  using  the  equation  for  velocity 


r 


3 


in  the  result,  we  obtain 


dr 


(2.83) 
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Now,  multiplying  the  temperature  equation  by  and  then  integrating  it  between 
r = 7]  and  r = 1,  we  obtain, 


2 


2iiF<’'='d 


^0, 


m 


/od^o 


0 


r- 


Eliminating  ^ (r  = 1)  between  the  two  equations  above,  we  obtain 


■^0 


m 


K.  =2 


/od^o 


0 


r- 


(2.84) 


We  cannot  proceed  further  to  solve  this  equation  analytically  as  we  cannot  write  r in 
terms  of  9q.  However,  if  we  assume  that  the  fluidity  is  exponential,  i.e  Jo  = f 'o  = 
then  it  turns  out  that  a Vo  — tq  — result  can  still  be  obtained.  The  equation  under 
the  restriction  that  the  fluidity  is  exponential  becomes 


Vr 


■^Om 


Mo 


'0 


0 


Jo 


r 


(2.85) 


Integrating  this  equation  by  parts,  we  get 


Cq  — 


'•'/o 


V 


dr 


+ 2 


<f 0,71 
^2 


which  when  substituted  for  Vq  = Tq  E ;^dr  becomes 


1 


7-0 


/o 


m 


- 1 


ry 


(2.86) 


where  fo^  is  the  fluidity  at  the  maximum  temperature  ^o„,  • Now,  as  the  gap  gets 
thinner,  rj  1 and  Tq  — >■  oo.  Therefore,  the  equations  reduce  to 


'-0  = V2(/o, -1) 


(2.87) 


which  is  identical  to  the  V — /o„  result  for  plane  Couette  flow  if  we  consider  just  one 
half  of  the  gap  width,  i.e.  from  the  center-line  wherein  the  temperature  is  maximum 
to  the  top  of  the  plate  where  it  is  zero. 
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2.8.9  Prediction  of  the  nose  in  Circular  Couette  Flow 

To  predict  when  a nose  ought  to  occur  in  the  base  curve  of  Vq  vs.  tq  in 
circular  Couette  flow,  we  follow  a very  similar  procedure  as  we  did  in  plane  Couette 
flow.  First,  let  us  recall  the  base  velocity  and  temperature  equations  in  circular 


Couette  flow.  They  are 


and 


Co  = To 


Mr 


n 


r 


.3 


0 1 d^o  ^ 


dj-2  J. 


Mo  = n 

^4  ^ 


with  the  boundary  condition  9o{r  = r/,  1)  = 0.  As  before  to  predict  when  a nose  ought 
to  occur  in  the  base  curve  of  Vq  vs.  tq,  we  inquire  when  ^ goes  unbounded.  As  we 
did  for  plane  Couette  flow,  first  let  us  prove  that  when  ^ goes  unbounded,  ^ also 
goes  unbounded.  Differentiating  the  equation  for  Vq  proves  this  as  seen  below: 


dCr 


0 


fo  + Tolo^ 


dr, 


0 


V 


r 


3 


-dr 


Therefore,  it  follows  out  that  to  decide  when  ^ goes  unbounded,  it  is  enough  to 


find  an  equation  for  ^ and  inquire  when  it  becomes  unbounded.  We  will  denote  ^ 


dro 


as  0(j.  Then  the  9q  equation  is 


d‘^9 


0 1 d^, 

+ + 


0 , r^fo'Oo 


dr^  r dr 


2/oTo 

+ = 0 


(2.88) 


with 

9o{r  = 7],  1)  = 0 

We  can  prove  that  9q  is  positive  for  tq  > 0.  As  we  did  for  plane  Couette  flow, 
we  do  it  by  contradiction.  We  will  assume  that  there  is  a point  in  the  interior  where 
9q  is  zero  and  then  see  whether  we  end  with  a contradiction.  The  temperature  profile 
with  a zero  in  the  interior  is  illustrated  in  figure  2.14.  Note  that  at  the  point  where 
the  temperature  is  zero  in  the  interior,  ^ = 0.  Also,  = 0.  In  fact,  it  is  a point 
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Figure  2.14:  The  base  temperature  profile  with  a zero  in  the  interior 


of  inflexion.  Therefore,  putting  ^ = 0.  = 0 in  the  temperature  equation. 

f'  “ 

end  with  the  condition  = ()  whicii  obviously  cannot  be  satisfied.  Therefore, 
have  proved  that  for  tq  > 0.  > 0 in  the  interior. 


we 

we 


Secondly,  based  on  the  equation,  we  can  conclude  that  each  value  of  in 
the  interior  increases  as  tq  increases  along  the  lower  branch  of  the  base  solution  curve, 
i.e.  6^0  > 0 along  the  lower  branch.  To  see  this,  we  will  assume  ==  0 somewhere  in 
the  interior  and  see  whether  this  leads  to  a contradiction.  A profile  with  a zero  in 
the  interior,  if  it  exists,  looks  just  like  fig  (2.14)  with  9^  replaced  by  ^o-  As  seen  in 
the  figure,  at  the  point  where  0^  = 0-^  = 0 and  = 0 and  therefore  substituting 
these  in  the  equation,  we  end  up  with  the  condition  — (}  which  obviously 

T ^ 

cannot  be  satisfied.  Thus  for  every  point  along  the  lower  branch  of  the  base  curve 
^0  ^ 0 at  each  point  in  the  interior. 


Thus  far,  we  have  proved  that  0^  > 0 for  tq  > 0 and  ^ 0 for  tq  > 0 along 
the  lower  branch.  To  proceed  further,  as  we  did  for  plane  Couette  flow,  we  introduce 


the  eigenvalue  problem  to  see  what  happens  as  Tq  increases  along  the  lower  branch 
and  reaches  the  nose  of  the  curve.  The  eigenvalue  problem  is 


1 d0  fo  O 

— r H 1 — — 

r dr 


(2.89) 


with  the  boundary  condition  (j){r  = //,  1)  = 0.  Of  course,  the  nose  is  defined  as  a 
point  wherein  X{tq)  = tq 


64 


Now,  to  determine  what  the  eigenvalues  do  as  tq  increases  along  the  lower 

• o o 

branch,  we  let  (/>*  denote  d^i/dro  and  Aj  denote  dAj  and  differentiate  the 

eigenvalue  problem  getting 

^1^2  ci./'  .^4  ^4 


This  equation  requires  a solvability  condition  to  be  satisfied.  However,  as  we 
can  always  determine  and  then  differentiate  it  with  respect  to  tq  to  get  4>i,  the 
solvability  condition  should  always  be  satisfied  and  it  determines  A?  as 


A/  = 


' 1,'fo'^dr 


Therefore,  this  equation  tells  us  that  along  the  lower  branch,  wherein  we  have 
proved  that  do  > 0,  as  tq  is  increased,  the  eigenvalues  decrease  from  their  linear 
fluidity  values  which  they  take  at  Tq  = 0.  Again,  this  is  true  only  for  convex  fluidities 
with  fo  > 0.  Therefore,  as  in  plane  Couette  flow,  we  have  a situation  wherein 
as  To  is  increased  from  zero,  the  eigenvalues  decrease.  As  long  as  Ai(to)  > tq,  the 
solvability  condition  that  determines  N satisfied  as  the  corresponding  homogeneous 
problem  has  only  the  trivial  solution.  But  when  tq  becomes  large  enough  such  that 
Ai(to)  = To,  the  solution  to  the  9o  requires  that  a solvability  condition  be  satisfied  as 
the  homogeneous  problem  has  a non-trivial  solution.  The  solvability  condition  is 


^ 2/oTo(/)i 


dr  = 0 


V 


r 


and  it  cannot  be  satisfied  as  all  the  factors  in  this  equation  are  positive  and  4>i  is 
singly  signed,  it  being  the  fundamental  eigenvalue.  This,  in  fact,  is  the  nose  of  the 
curve  and  here  tq  has  reached  the  end  of  its  increase  along  the  lower  branch. 

Along  the  upper  branch,  tq  decreases.  Now,  if  we  assert  that  Oq  is  negative 
along  the  upper  branch,  then  Xj  is  positive.  As  tq  decreases  along  the  upper  branch, 
so  too  does  each  eigenvalue  and  we  get  a picture  as  shown  in  (2.15) 
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/I,  ( r = 


= 


0 


Figure  2.15:  The  prediction  of  the  nose  based  on  the  eigenvalue  problem: 

A2(to)  vs.  Tq  behavior. 
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Table  2.2:  Ai(to),  A2(to)  vs.  tq  for  an  exponential  fluidity  for  r]  — 0.5:  * indicates  the 
value  of  To  at  the  nose.  In  the  table,  all  values  above  the  * correspond  to  the  lower 
branch  and  below  the  * correspond  to  upper  branch. 


To 

Ai(to) 

A2(tq) 

0.25 

3.14 

6.28 

0.50 

3.10 

6.21 

0.75 

3.04 

6.11 

1.00 

2.95 

5.97 

1.25 

2.83 

5.76 

1.75 

2.33 

4.90 

1.88* 

1.90 

4.14 

1.75 

1.40 

3.21 

1.50 

0.99 

2.41 

As  we  have  seen  thus  far,  there  is  not  much  difference  in  the  analysis  for  the 
prediction  of  the  nose  in  the  plane  Couette  flow  vs.  the  circular  Couette  flow.  To 
conclude  the  analysis,  we  will  calculate  how  Ai(to),  A2(to)  change  with  tq  along  the 
base  curve  for  an  exponential  fluidity.  We  will  also  see  whether  A2(to)  = Tq  is  possible 
on  the  upper  branch.  We  will  choose  a radius  ratio  of  0.5  for  this  calculation. 

Table  2.2  shows  the  result.  We  see  from  the  table  that  Ai(ro)  ~ tq  at  tq  = 1.88. 
We  will  later  see  from  our  calculations  that  tq  = 1.88  indeed  corresponds  to  the  nose 
torque  value.  Further,  we  also  And  that  along  the  upper  branch  A2(to)  > Tq  indicating 
that  a bifurcation  point  is  not  possible  on  the  upper  branch.  Thus  for  exponential 
fluidity,  a bifurcation  point  is  not  possible  on  the  upper  branch. 

Next,  we  will  move  on  to  the  calculation  of  the  parameters  Vo,tq,6o^  using 
the  base  solutions  in  Circular  Couette  flow. 
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2.8.10  Calculation  of  Vn,rn,^n„,  using  the  Base  Solutions  in  Circular  Couette  Flow 

In  this  endnote,  we  will  present  the  results  of  the  calculation  of  the  wall 
speed,  torque  and  the  maximum  temperature  at  the  nose  based  on  the  base  solutions 
in  circular  Couette  flow.  These  results  will  be  useful  in  the  design  of  experiments. 
Recall  the  base  equations  in  circular  Couette  flow, 

/odr 


Vb  = To 


0 = - 


1 d 


r] 

de 


r 


0 


3 


+ 


7-0  Vo 


r dr  \ dr 

For  the  case  of  linear  fluidity,  Jq  = I + 9q,  the  equations  become 

0 = i A (^7- ^ 


(2.90) 


(2.91) 


r dr  V dr 


/'^•4 


Co  = ro  /"  + 

r—rj 


^3 


(2.92) 


(2.93) 


The  solution  for  the  temperature  is  given  by 


^0  — ~1  + Ci.7o(ro/r)  + C'2lo('>"o/^) 

where  Jq  and  Fo  are  the  Bessels  function  of  the  first  kind  and  of  order  zero.  C\ 
and  C2  are  obtained  from  the  boundary  conditions  on  6q.  For  the  case  of  constant 
temperature  boundary  conditions  on  both  the  walls,  = 0 both  at  r = ry  and  at 


r = 1.  For  this  case,  Ci  and  C2  satisfy  the  following  equation 

•^l“l  io(?l 


' Cl  ■ 

1 

1 

. ^2  . 

1 

^o[rol  Vilro]  J [ C2  J [ 1 J 

Now,  to  predict  when  a nose  ought  to  occur,  we  introduce  the  eigenvalue 
problem,  which  for  the  case  of  linear  fluidity  is 

0 = 11 


r dr  \ dr 


4 


with  the  boundary  condition  <f){r  — r/,  1)  = 0.  Once  again  the  solution  to  this  equation 


is  given  in  terms  of  the  Bessels  functions  Jo  and  Fq 


0 = CiJo(A/r)  + C2Fo(A/r) 
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Table  2.3:  Torque  at  the  nose  for  linear  fluidity 


V 

^ ^Onose 

T-0„„se(l  - n) 

0.5 

3.12 

1.56 

0.6 

4.69 

1.88 

0.7 

7.29 

2.19 

0.8 

12.55 

2.51 

0.9 

28.55 

2.85 

0.95 

59.27 

2.96 

0.99 

314.16 

3.14 

where  C\  and  C2  are  to  be  obtained  from  the  boundary  conditions.  For  constant 
temperature  boundary  conditions,  C\  and  C2  satisfy 


■ Cl  ■ 

■ 0 ■ 

. ^ofA)  li[A|  . 

. ^2  . 

_ 0 _ 

(2.95) 


Observe  that  A is  independent  of  and  only  depends  on  77.  A non-trivial  solution 
to  these  equations  exist  only  if  the  determinant  of  the  matrix  goes  to  zero.  Therefore, 
A the  nose  value  of  the  Tq  is  determined  by  setting  the  determinant 

y«{t) 

_ Jo  (A)  To  (A) 

to  zero.  Obviously,  A is  a function  of  the  radius  ratio  and  it  increases  with  the  rj. 
Table  2.3  indicates  the  nose  torque  values  for  a few  radius  ratios. 

Observe  that  as  r/  — >•  1,  the  scaled  torque  at  the  nose  multiplied  with  the 
scaled  gap  width  (l  — rj)  approaches  the  value  of  tt  and  this  is  exactly  the  scaled  nose 
shear  stress  value  for  linear  fluidity  in  plane  Couette  flow  if  the  gap  width  were  to  go 
from  0 to  1.  To  see  how  this  result  ties  in  with  our  earlier  result  that  the  quantity 
roA/rj  approaches  the  value  of  TxzqL  as  the  gap  width  goes  to  zero,  let  us  first  ob- 
serve that  in  the  earlier  result  Tq  and  were  unsealed  whereas  here  they  are  scaled. 
Therefore,  to  make  a proper  comj)arison,  we  will  first  unscale  Tq.  Now,  tq (scaled)  = 
To  (unsealed)/ s/knu,/ St2-  Hence,  tq  (scaled)  (1  — r/)  = tq  (unsealed)  A/ Sr^- 
Now,  in  the  limit  of  a thin  gap,  ri  ~ T2.  Therefore,  for  a thin  gap,  Tq (scaled) (1  — 
•q)  = To  (unsealed)  A/ y^kiJ,yj/Sr2  = ro(  unsealed)  A/ s/kqiyj/ Srj.  Now,  r^^g  (scaled)  = 


(2.96) 
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'T’xzo  (unsealed) / \J k / S L? . We  have  just  seen  from  our  numerical  result  that  ro(scaled)(l  — 
rj)  = (scaled)  in  the  limit  of  a thin  gap.  This  implies  tq (unsealed) A/r^  = 
Ta;zQ(unscaled)I/  which  conforms  with  our  earlier  result. 

For  the  case  of  exponential  fluidity,  /o  = e^°.  So,  the  equations  become 


. 1 d / d^o 

° = ’'d7 


+ 


To^e^° 


(2.97) 


Vo  = To 


dr 


r—r] 


(2.98) 


For  this  case,  the  formulas  due  to  Kearsley[8]  can  be  used.  The  temperature  and 


velocity  are  then 


6>o  = In 


2m  r 


2^.2 


_To^  coslr(m  In  r + a)_ 


Vo  = 2mro  {tanh(a)  — tanh(m Inr  + a)} 


(2.99) 

(2.100) 


where  m,  a are  constants  to  be  determined  from  the  boundary  conditions  on  temper- 
ature. For  constant  temperature  boundary  conditions  on  both  walls* 

^o  = Oatr  = l=^m  = ±-^^cosh(a) 

^0  = 0 at  r = ?7  cosh(a)'/y  = cosh  [mhi(/;)  -I-  a 

Substituting  the  positive  and  negative  values  for  rn,  we  obtain  the  two  solu- 
tions for  the  problem.  Table  2.4  shows  the  value  of  tq  at  the  nose  for  various  radius 
ratios.  Here  again,  multiplying  with  the  gap  width  1 — rj,  we  observe  that  the 
shear  stress  Txzq  for  plane  Couette  flow  at  the  nose  is  obtained  in  the  limit  of  narrow 
gaps.  ® Observe  that  the  maximum  temperature  at  the  nose  remains  roughly  a con- 
stant for  a wide  range  of  gap  widths.  We  have  not  been  able  to  prove  this  to  be  true 
from  analytical  work. 

The  only  temperature  boundary  condition  that  we  considered  thus  far  in  this 
chapter  is  that  of  constant  temperature.  In  imposing  this  boundary  condition,  we 


* Solutions  for  this  problem  for  other  temperature  boundary  conditions  like  an  adiabatic  boundary 
condition  and  a mixed  boundary  condition  will  follow. 

® Observe  that  1.86  is  the  nose  shear  stress  value  in  plane  Couette  flow  if  the  gap  goes  from  zero 
to  one. 
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Table  2.4:  Torque,  Wall  speed  and  the  inaximum  temperature  at  the  nose  for  expo- 
nential fluidity 


V 

^Onose 

Co 

wnose 

^0 

v'm  nose 

'To„„se(l  - V) 

0.5 

1.88 

6.08 

1.13 

0.94 

0.6 

2.80 

5.54 

1.16 

1.12 

0.7 

4.37 

5.04 

1.16 

1.31 

0.75 

5.62 

4.90 

1.17 

1.40 

0.8 

7.49 

4.71 

1.17 

1.50 

0.9 

16.87 

4.46 

1.17 

1.687 

0.99 

185.59 

4.26 

1.18 

1.86 

Figure  2.16:  Schematic  of  Circular  Couette  flow 


have  tacitly  assumed  that  the  wall  is  of  infinite  thermal  conductivity.  But,  in  an 
actual  experiment,  the  wall  is  of  finite  thermal  conductivity.  To  incorporate  this,  let 
us  see  how  to  derive  the  boundary  condition  for  a wall  of  finite  thermal  conductivity. 
For  concreteness,  let  us  assume  that  this  boundary  condition  is  to  be  derived  for  the 
outer  wall. 

Consider  figure  2.16.  The  radius  of  the  inner  cylinder  is  r'l,  the  radius  of  the 
outer  cylinder  is  r2,  the  temperature  profile  of  the  fluid  in  the  gap  is  denoted  To(r) 
and  the  temperature  profile  across  the  wall  is  denoted  T^(r).  The  thickness  of  the 
wall  is  denoted  A^. 
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Writing  Newton’s  law  of  cooling  for  the  heat  balance  across  the  outer  wall  at 
r2,  we  obtain; 

+ h{To  - Too)  = 0 
dr 

where  Too  is  the  ambient  temperature,  h is  the  heat  transfer  coefficient  across  the  wall 
which  can  be  obtained  by  using  the  boundary  conditions  at  r = r2-  The  conditions 
are  that  both  the  temperature  and  heat  flux  across  r2  must  be  continuous.  The 
continuity  of  temperature  across  r = r2  implies 

rpr=V2  rpr~r2 

i Q 1 yj 

and  the  continuity  of  heat  flux  across  r = T2  implies 


r—r>  r=r? 

% =^(lw 


Now,  using  q — —k^  in  this  equation  we  obtain 


dr 


irynr=r-2  AT^=r‘2 

- k 


dr 


W 


dr 


where  k,  k^,  are  the  thermal  conductivities  of  the  fluid  and  the  wall  respectively. 
Substituting  these  two  conditions  in  the  Newton’s  law  of  cooling,  we  obtain 


k 


dTW’’-^ 


W 


w 


dr 


+ /i(t;=’-^  - Too)  = 0 


from  which  it  follows  that 


h 


k 


dr 


w 


{T. 


r—r2 

w 


Too) 


Now,  to  get  — , we  need  the  temperature  profile  across  the  wall.  To  get  this, 

observe  that  the  flux  across  the  wall,  is  given  by  the  solution  to  the  equation 


1 d 


r dr 


[rqw]  = 0 


which  for  a very  small  A„,  compared  to  r2  can  be  approximated  as 


dr 


0 
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Substituting  q^,  = 


in  this  we  obtain  the  equation  for  the  temperature 


which  when  solved  with  the  boundary  condition  that  at  r = T2,T  = and  at 
r = r2  + A,y,  T = Too  yields 


rpr=r2  ^ 

rp  rpr—r'2  oo 

J-W  — J-w 


A 


r 


w 


for  the  temperature  profile  across  the  wall.  From  this,  we  get 


I^r=r2 

w 

dr 


- Too) 


A 


w 


Substituting  this  in  the  equation  for  h,  we  obtain 


W 


Substituting  h in  Newton’s  law  of  cooling,  we  obtain 


dTJ)  k 


+ -^(To  - Too)  = 0 


dr  kA 


W 


Now,  scaling  r with  respect  to  V2  and  calling  S{To  — Too)  = we  obtain 


dOo  k^V2.  ^ 

dT  " 


Denoting  the  Biot  number  by  Bi  where  Bi  = the  boundary  condition  on 
temperature  can  be  denoted  as 


de^ 


0 


dr 


+ Bi6()  — 0 


We  will  further  calculate  the  H the  nose  for  boundary  conditions 
other  than  constant  temperature  as  this  calculation  gives  an  estimate  of  how  they 
change  as  the  boundary  condition  is  changed.  This  result  will  be  useful  in  the  design 
of  experiments.  We  will  present  the  result  for  exponential  fluidity  as  our  experiments 
will  be  performed  for  this  fluidity  only. 


73 


Table  2.5:  Conditions  at  the  nose  for  an  adiabatic  inner  wall  and  conducting  outer 
wall 


V 

^Onose 

Co 

'-'nose 

do 

'-’’TT-nose 

0.5 

0.82 

2.95 

1.15 

0.75 

2.66 

2.38 

1.16 

0.9 

8.26 

2.19 

1.16 

0.99 

92.60 

2.12 

1.17 

Table  2.6:  Conditions  at  the  nose  for  an  adiabatic  inner  wall  and  Newton’s  law  at 
the  outer  wall 


n 

"^Onose 

Co 

'-'nose 

^Omnose 

0.50 

0.69 

2.68 

1.16 

0.75 

1.83 

1.83 

1.11 

0.90 

3.95 

1.24 

1.07 

0.99 

14.82 

0.4 

1.00 

Table  2.5  shows  the  conditions  at  the  nose  obtained  from  solving  the  Kearsley 
equations  for  an  adiabatic  inner  wall  and  an  infinitely  conducting  outer  wall. 

Table  2.6  shows  the  conditions  at  the  nose  obtained  from  solving  the  Kearsley 
equations  for  an  adiabatic  inner  wall  and  Newton’s  law  at  the  outer  wall  with  a 
Bi=  6.19  which  very  closely  corresponds  to  experimental  conditions  discussed  later 
on  in  this  thesis. 

Further,  we  will  calculate  the  actual  torque,  wall  speed  and  the  maximum 
temperature  at  the  nose  for  a liquid  with  the  following  physical  properties  that  cor- 
respond to  the  physical  properties  of  the  experimental  fluid: 

Viscosity:  5651  c.p  at  25  C 
Sensitivity:  S— 0.0757  C~^  (Pto/p- = 

Thermal  conductivity  : k=0.22  J/s  iiTC 
The  outer  radius  of  the  cylinder:  1” 

Therefore,  we  obtain  for  the  velocity,  torque  and  the  temperature  scales,  Id-ef  = 


s/(kjsjl^  = 0.72  m/s 
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Table  2.7:  An  estimate  of  actual  parameter  values  at  the  nose  for  an  experiment 


Boundary  condition  (Inner-Outer) 

Torque  (lb/  -in) 

rpm 

Max.  Temp.  (°C) 

Conducting-Conducting 

10.89 

1327 

40.45 

Adiabatic-Conducting 

5.15 

644 

40.32 

Adiabatic-Newton’s  law 

3.54 

495 

39.26 

Tref  = \/{knyjrllS)  = 0.90  11^-in 
Tref  = 1/5  = 13.2  C 

respectively.  Unsealing  the  values  that  we  obtained  at  the  nose  for  the  various  bound- 
ary conditions  using  these  reference  scales,  we  obtain  the  actual  value  of  rpm,  torque 
and  the  maximum  temperature  at  the  nose.  Table  2.7  indicates  one  such  set  of  values 
of  rpm,  torque  and  the  maximum  temperature  at  the  nose  for  a 0.75  radius  ratio,  an 
outer  radius  of  1 inch  and  a length  of  0.34m.  The  term  ’Conducting’  in  the  table 
refers  to  a wall  that  is  infinitely  conducting,  thermally. 


CHAPTER  3 

THE  PERTURBED  EQUATIONS 


In  concluding  the  last  chapter  which  was  on  the  character  of  the  base  solution, 
we  observed  that  the  stability  of  the  base  solution  could  be  inspected  by  subjecting 
it  to  small  perturbations.  The  goal  of  this  chapter  then  is  to  write  the  perturbed 
equations  and  we  do  this  only  in  vector  form.  Before  doing  this,  we  rewrite  the 
unsealed  model  equations  of  motion  and  energy  under  a solenoidal  velocity  field. 

dv 

p-^  + pv. Vv  = — Vp  + 2V.  (pD) 
ot 

dT 

pCy— — h pCyW.VT  = kV^T  + 2pD  : D 
ot 

Now,  both  the  velocity  and  temperature  equations  are  non-linear.  Eor  a con- 
stant viscosity  liquid,  the  non-linearity  stems  from  the  convective  terms  and  the  vis- 
cous dissipation  terms.  However,  when  viscosity  is  dependent  on  temperature,  then 
there  arises  an  additional  non-linearity.  Non-linear  equations  in  general  have  more 
than  one  solution.  We  identified  one  class  of  solutions  called  the  base  solutions  to 
this  problem.  Now,  if  we  give  a disturbance  to  this  base  solution,  one  of  the  following 
might  happen:  the  disturbance  might  decay  and  the  base  solution  may  be  restored 
or  the  disturbance  might  grow  to  some  other  solution  unless  something  catastrophic 
occurs. 

A stability  calculation  will  tell  us  for  a disturbance  whether  the  system  returns 
to  the  steady  flow  or  evolves  to  a new  flow  or  something  catastrophic  occurs.  In  doing 
a stability  calculation,  we  only  impart  small  disturbances  to  the  base  solution  and  see 
its  evolution.  The  reason  is  that  if  a solution  were  unstable  to  large  disturbances,  it 
could  still  be  stable  to  a small  one;  however  if  it  were  unstable  to  a small  disturbance. 
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it  would  necessarily  be  unstable  to  all  disturbances.  In  doing  a typical  calculation,  we 
look  for  the  critical  value  of  a system  parameter  at  which  the  system  either  branches 
off  to  a new  solution  from  this  base  state  solution  or  ceases  to  have  any  solution  at 
all.  The  former  is  called  a branch  point  and  the  latter  is  called  a turning  point.  In 
either  case,  after  the  critical  value  of  the  parameter  is  crossed,  the  base  state  ceases  to 
predict  the  flow.  As  an  example,  we  might  imagine  that  the  wall  speed  is  the  system 
parameter  in  question.  The  critical  value  should  then  depend  on  whether  we  impart 
disturbances  such  that  the  velocity  perturbations  vanish  on  the  moving  wall  or  the 
stress  perturbation  vanish  on  the  moving  wall  as  we  have  noticed  a difference  in  the 
rate  of  decay  of  perturbations  between  these  two  cases  from  our  physical  arguments. 
Having  decided  to  impart  small  perturbations,  we  will  write 

V = vq  + Vi , = 7^0  + Pi  5 T = To  + Ti . 

in  the  model  equations  above  and  then  eliminate  the  terms  that  together  satisfy  the 
base  equation  (order  zero)  and  retain  the  terms  that  are  linear  (order  one)  in  the 
perturbation  variables  to  obtain  the  equations  of  motion  as 

5vi  „ , 

p-^7  k pVi.Vvo  + pVQ.Vvj  = — Vpi  + 2^ Hq.Di  + 2//0  ^T\.Dq 

+2/io  Ti  VTq.jDo  + PoV^vi  + //q  TjV^vo  (3-1) 

and  the  equation  of  energy  as 

dT 

pCy—^  k pC'^Vi.VTo  + pCyVQ.'^T\  = PV^Ti  + : D\  + 2po  T\Dq  : Dq  (3.2) 

where  po  denotes  dp(To)/To  and  vi  is  solenoidal.  Before  we  conclude  this  chapter, 
it  would  be  helpful  to  make  a few  observations: 

A velocity  perturbation,  once  imposed  on  the  base  flow,  has  two  mechanisms 
by  which  it  can  decay.  One  is  purely  by  the  diffusion  of  the  momentum,  and  the 
kinematic  viscosity,  p/p,  of  the  liquid  in  the  gap  decides  how  long  a perturbation 
takes  to  decay.  For  a fixed  density  p,  a perturbation  takes  a longer  time  to  decay  if 
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the  viscosity  is  lower  and  vice-versa.  The  other  mechanism  for  a velocity  perturbation 
to  decay  is  through  the  convection  of  the  perturbation  to  the  boundaries.  The  term 
pvQ.Vvi  in  the  perturbed  equations  arising  out  of  the  linear  perturbation  of  the 
pv.  Vv  term  in  the  Navier-Stokes’  equation  is  responsible  for  the  convection  of  velocity 
perturbation. 

For  a disturbance  that  varies  only  in  the  transverse  direction,  it  turns  out 
that  all  the  terms  arising  out  of  the  perturbation  of  pv.Vv  and  pC^v.VT  vanish 
and  therefore  the  decay  of  disturbances  is  dependent  only  on  the  diffusion  of  the 
perturbations.  We  call  this  class  of  disturbance  a zero  wave  number  disturbance. 
This  is  for  the  following  reason:  if  a Fourier  expansion  of  the  perturbed  variables  is 
carried  out  in  anticipation  of  periodic  behaviour  in  the  y and  z directions,  then  we 
may  write  Ai{x,y,  z^t)  = ^i(a:)e‘^*e*'’'^e*^^  for  any  perturbed  state  variable  A\  where 
7,  (3  are  the  wave  numbers  in  the  p,  z directions  respectively.  If  we  put  /3  = 0, 7 = 
0 in  this  expansion,  we  obtain  a disturbance  variable  which  is  dependent  only  on 
the  transverse  direction.  Thus  the  zero  wave  number  disturbance  that  allows  only 
transverse  disturbances  is  a restricted  case  of  a general  class  of  disturbances.  It  is  to 
the  study  of  the  stability  of  the  flow  to  this  class  of  disturbances  that  we  turn  next. 


CHAPTER  4 

THE  STABILITY  FOR  A ZERO  WAVE  NUMBER  DISTURBANCE 


The  motivation  for  discussing  the  stability  of  the  Couette  flow  for  a special 
class  of  disturbances,  namely  a disturbance  of  zero  wave  number,  is  two  fold: 

• The  perturbed  equations  at  a zero  wave  number  disturbance  are  easy  enough  to 
enable  us  make  some  general  conclusions  about  physical  experiments  without 
actually  carrying  out  any  numerical  work. 

• We  would  like  to  see  whether  the  connection  to  the  thermal  ignition  problem 
carries  over  when  a perturbation  of  zero  wave  number  is  imposed  on  the  Couette 
flow  problem.  This  is  because  earlier  we  pointed  out  the  similarity  of  the 
temperature  equation  of  the  Couette  flow  problem  to  the  equation  defining  the 
thermal  ignition  problem.  In  the  thermal  ignition  problem,  the  most  dangerous 
disturbance  is  a disturbance  of  zero  wave  number  with  the  nose  being  a point 
of  neutral  stability^ 

Figure  4.1  depicts  the  plane  Couette  flow  being  discussed.  For  a perturbation 
of  zero  wave  number,  the  perturbation  is  uniform  in  the  y and  2;  directions.  Hence, 
the  perturbed  velocity  and  the  temperature  at  zero  wave  number  are  expanded  as 
follows: 

Vy,  = Vy^  {x,  t)  = Vy^  (x)e'^* 

Vzi  = V,,  (x,  t)  = (x)e‘"‘ 

^More  on  the  stability  of  the  Thermal  Ignition  problem  will  be  presented  in  an  endnote  to  this 
chapter. 
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Figure  4.1:  Depiction  of  plane  Couette  flow 

Tj  = Ti  (x,  t)  = Ti  (x)e‘^‘ 
where  cr  is  the  growth  constant. 

The  first  conclusion  at  zero  wave  number  is  that  the  x component  of  the 
perturbed  velocity  is  zero.  To  see  this,  observe  that  the  equation  of  continuity  at 
zero  wave  number  is 

dfixi 

— ^ = 0 
dx 

with  the  boundary  condition  Vx^  — 0 at  x = ±1.  This  therefore  implies  that  fixi  = 0. 

Now,  let  us  obtain  the  y and  ^ components  of  the  equation  of  motion  and  the 
temperature  equation  by  substituting 

Vxi  = 0 
Vyx  = Vy, 

Vzi  = Vzi 

Ti  =fi(x)e"‘ 

into  the  perturbed  equations 

dv  I 

p-^  + pvi.Vvo  + pvo.Vvi  = -Vpi  + 2V/X0-A  + 2po'VTi.Do 
ot 
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+2/fo  Ti  VTq.Z^o  + + //q  Ti  V^Vq 

dT  I 

pCy—^ — h pC^vx-VTo  + pC^vo-VTi  = kV^T\  + 4po^o  ■ D\  + 2po  TiDq  : Dq 
ot 

We  obtain  for  the  y component  of  the  equation  of  motion 


pOVy, 


d 

dx 


di) 


Po 


yi 


dx 


and  for  the  z component  of  the  equation  of  motion 


pOVzi 


where  po 


dpo 


dT, 


0 


and  for  the  temperature  equation 


d^T 

(jpCyTi  = k—— — h 2/io 

dx"' 


' rji 

i r Po  J 1 

dx  dx 


We  find  that  the  y component  of  the  velocity  stands  by  itself  and  it  does 
not  enter  the  2:  component  of  the  equation  of  motion  nor  the  temperature  equation. 
Therefore,  we  conclude  that  at  zero  wave  number,  it  is  sufficient  to  look  at  the 


problem  in  and  Ti. 

The  plate  at  x = — L is  fixed  and  therefore  no  velocity  perturbations  are 
allowed  on  it.  For  the  plate  at  x = L,  the  boundary  condition  changes  according  to 
whether  the  velocity  is  held  fixed  or  the  stress  is  held  fixed  there.  If  the  velocity  is 
held  fixed  at  x = L,  then  its  perturbation  at  x = L is  zero  and  if  the  stress  is  the  held 
fixed  at  X = L,  then  its  perturbation  at  x = L is  zero.  Both  walls  are  assumed  to  be 
perfectly  conducting  and  hence  the  temperature  perturbation  on  each  wall  is  zero. 
No  matter  whatever  else  we  think  that  we  are  doing,  the  following  must  be  true,  at 
least  theoretically:  the  wall  speed  is  run  up  to  obtain  every  part  of  the  base  curve. 
Having  arrived  at  any  point,  we  can  inspect  the  stability  by  imposing  perturbations 
under  the  requirement  of  either  vanishing  wall  speed  disturbances  or  vanishing  wall 
stress  disturbances  or  any  other  combination  thereof. 
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Using  the  velocity  and  temperature  scales  that  we  discussed  in  the  main  body 
of  chapter  2,  i.e.  choosing  Kef  = y/k/Sjiw,  so  that  the  scaled  velocity  v*^  = Ki/Kef 
and  Tref  = 1/5  so  that  the  scaled  temperature  rise  9^  = 5(Tf  — and  further  scaling 
the  length  x with  L,  a with  cTref  such  that  a*  = a/cTref,  we  obtain,  after  dropping  the 


P^ref 


av 


/^ref 


Zl 


d 

da: 


/s 

pCyarefL"^  S d 9i  d'c^e  d//o  [ dv^^ 

O’c/f  = + 2/iQ— : ; r 


k 


dx'^ 


dx  dx  dt^o  I dx 


9 


(4.4) 


Now,  choosing  cTref  to  be  p^j/pL^,  we  obtain 


av 


Zl 


d 

dx 


d'O 


Po 


21 


dx 


+ 


dx 


20 


dx 


1/0  9 


(4.5) 


„ ; tl^»i 

aPrOi  = + 2t; 


di) 


Z\ 


dx^ 


XZq 


dx 


+ /^o  d: 


dv 


2 


ZO 


dx 


(4.6) 


where  t^zq  — PodVzo/dx  and  po  = Here,  x is  the  scaled  gap  width  and  it  varies 


from  —1  to  +1.  Now,  for  a zero  wave  number  disturbance  wherein  Kj  = 0,  the 
perturbed  shear  stress  fxzi  can  be  written  just  as  a perturbation  of  the  base  shear 
stress  Txzo  = Podvzo/dx,  i.e., 


dt) 


'^xzi  Po 


Zl 


dx 


+ //0^ 


dx 


20 


^ dx 


(4.7) 


Using  Txzo  = Podv^g/dx  and  fo  = 1/po,  we  obtain 


foTxzi  = 


dx 


21 


dx 


r ^ 

fo  '^XZo^l 


(4.8) 


Now,  using  the  definition  of  the  perturbed  shear  stress,  the  perturbed  velocity  equa- 


tion can  be  rewritten  as 


dr. 


XZl 


dx 


(4.9) 


while  the  perturbed  temperature  equation  can  be  rewritten  as 


aPr9\  — ■■  V -f  /o  'T'xzn^^  d-  2foTxzoTxzi 


dx^ 


(4.10) 
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Figure  4.2:  Schematic  of  the  Couette  flow  with  arbitrary  perturbations  on  the  base 
state. 

where  Pr  is  the  Prandtl  number,  Cyfi^/k  of  the  fluid  in  the  gap.  The  boundary 
conditions  of  the  perturbed  variables  satisfy 

§i{x  = ±1)  = 0,Vzi{x  = —1)  = 0,Vzii^  = +1)  = 0 


if  the  wall  speed  is  held  fixed  at  .x  = 1 and 

0l(x  = ±1)  = 0,{)2;(x  = -1)  = 0,f:rzi(a;  = +1)  = 0 

if  the  wall  stress  is  held  fixed  at  X = T^.  Before  studying  the  stability  of  the  base  curve 
to  small  perturbations  under  the  two  conditions,  let  us  recall  the  physical  explanation 
which  was  put  forth  earlier  to  explain  qualitatively  the  difference  in  the  rate  at  which 

perturbations  decay  under  these  two  conditions. 

^The  rigorous  way  to  write  boundary  condition  at  constant  wall  stress  is  to  realize  that  in 
trying  to  keep  the  wall  stress  fixed  in  an  experiment,  we  actually  keep  the  force  on  the  plate  fixed. 

The  boundary  condition  then  becomes  r^ziix  = -\-l)dydz  = 0.  However  at  zero  wave 

number  as  the  quantities  do  not  depend  on  y and  z,  this  condition  simplifies  to  the  pointwise 
condition  Txzi  =0.  In  fact,  when  we  will  later  perform  the  stability  calculation  at  constant  wall 
stress  for  a non-zero  wave  number  disturbance,  we  will  continue  to  use  this  pointwise  condition  as 
an  approximation  to  the  integral  condition.  More  about  this  boundary  condition  will  be  discussed 
in  Chapter  6 
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At  zero  wave  number,  there  is  no  convective  transfer  of  momentum  as  all 
the  terms  arising  out  of  v.Vv  are  zero.  The  only  mechanism  for  the  transfer  of 
momentum  is  then  by  diffusion. 

Given  an  arbitrary  disturbance  on  the  velocity  and  temperature  fields,  we 
see  that  under  constant  wall  speed  conditions,  the  velocity  disturbance  can  diffuse 
through  both  the  boundaries,  there  being  momentum  sinks  there.  However,  under 
constant  wall  stress,  the  corresponding  wall  is  ’adiabatic  to  momentum’.  All  other 
things  being  equal  one  might  conjecture  that  perturbations  where  the  stress  vanishes 
at  a wall  are  likely  to  linger  longer  than  perturbations  with  vanishing  speed  at  the 
wall.  To  determine  whether  our  predictions  are  correct  requires  us  to  do  some  analytic 
work  and  this  is  the  main  goal  of  this  chapter. 


4.1  Stability  to  a Zero  Wave  Number  Disturbance 


Now,  the  perturbed  equations  at  zero  wave  number,  can  be  re-arranged  in  an 
operator  form  as  follows: 

d 


0 


dx 


dx 


fo 


0 


fo  T: 


XZq 


0 2/oTa 


d2 


+ fo 


XZQ 


1 

o 

0 

t-H 

1  

1 

1 

/S 

^XZl 

= a 

0 0 0 

Txzi 

J 

_ 0 0 Pr  _ 

1 

1— ‘ 

1 

(4.11) 


dx2 

The  reason  for  writing  the  equations  in  this  form  Au  = crBu  is  that  with  very  little 
algebraic  manipulation  it  can  be  seen  that  the  operator  A is  self-adjoint.  In  fact, 
multiplying  the  1st  row  and  the  second  row  of  the  above  equation  by  two,  it  turns  out 
that  the  operator  A with  either  of  the  boundary  conditions  is  self  adjoint  for  an  expo- 
nential fluidity  (/o  = fo  ) dependence^.  The  operator  in  self-adjoint  form  is  therefore 


proof  that  the  operator  A is  self  adjoint  is  provided  in  the  endnote  of  this  chapter. 

■*The  corresponding  equations  in  operator  form  for  the  circular  Couette  flow  are  presented  in  an 
endnote  to  this  chapter 
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0 


dx 


dx 


2/o 


0 


2/o 


XZo 


0 2/ot, 


d2 


+ /o 


1 

to 

o 

o 

1 

’ 

/V 

^XZl 

= a 

0 0 0 

'^XZl 

1 

1 

0 0 Pr 

L^i  J 

(4.12) 


^^0  dx^  ' 

Now,  it  can  be  proved  using  the  self-adjointness  of  A and  the  positivity  of  the  op- 
erator B that  the  eigenvalues  in  this  case  are  real^.  This  implies  that  any  arbitrary 
perturbation  at  zero  wave  number  can  either  grow  monotonically  or  decay  monoton- 
ically  but  can  never  oscillate.  This  result  will  be  used  in  determining  the  stability  of 
the  base  solution  to  small  disturbances.  This  is  what  we  will  do  next. 

At  each  point  of  the  base  solution  curve,  the  perturbed  equations  determine 
a set  of  values  of  a which  we  now  know  to  be  purely  real  at  least  for  exponential 
fluidity  and  will  assert  this  to  be  true  for  all  other  fluidities.  Interestingly,  we  were 
not  able  to  prove  that  the  operator  is  self-adjoint  for  linear  fluidity,  even  though 
numerical  results  show  that  the  eigenvalues  are  real,  and  physically  too,  we  believe 
that  changing  the  viscosity  dependence  on  temperature  should  not  change  the  way 
in  which  a perturbation  grows  or  decays.  Now,  assuming  that  the  eigenvalues  are 
real,  if  at  least  one  of  the  eigenvalues  turns  out  to  be  positive,  then  the  base  solution 
corresponding  to  that  point  is  not  stable.  Therefore,  the  critical  points  along  the 
curve  are  points  where  cr  = 0 is  an  eigenvalue  to  the  perturbed  equations.  Such 
points  are  called  points  of  neutral  stability  and  we  look  for  those  points  on  the  base 
solution  curve.  To  do  this,  we  put  a = 0 in  the  perturbed  equations  to  get  the 
equations  under  neutral  conditions 


d'fxzi 

0 = 

dx 


(4.13) 


0 


d^^i 

dx^ 


/ 2 


(4.14) 


^The  proof  will  be  presented  in  an  endnote. 
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A point  on  the  base  curve  is  a neutral  point  if  a non-trivial  solution  to  these 

equations  exists.  Our  first  conclusion  is  based  on  the  perturbed  velocity  equation 

written  for  neutral  conditions.  This  equation  tells  us  that  under  neutral  conditions, 

the  perturbed  shear  stress  remains  constant  acro.ss  the  gap,  but  it  need  not  be  zero. 

It  is  required  to  be  zero  only  if  the  perturbation  is  carried  out  at  constant  wall  stress. 

Then  and  only  then  does  the  shear  stress  retain  its  base  value.  We  will  look  at  the 

stability  result  under  this  condition  first. 

4.1.1  Stability  Results  at  Constant  Wall  Stress 


At  constant  wall  stress,  =0  and  the  perturbed  temperature  equation 
becomes 


d^^i 

dx^ 


with  the  boundary  conditions  0\{x  = ±1)  = 0. 

For  any  given  point  on  the  base  curve,  the  perturbed  temperature  equation 
above  tells  us  whether  or  not  that  point  is  a point  of  neutral  stability.  This  can  be 
seen  by  comparing  this  equation  to  the  eigenvalue  problem 


+ /o  -^^01  — 0 


with  <j)\{x  = ±1)  = 0 that  we  introduced  to  predict  when  a nose  ought  to  occur  on 
the  base  curve.  The  temperature  equation  under  neutral  conditions  has  no  solutions 

/*v 

other  than  = 0 along  the  lower  branch  as  along  the  lower  branch  Ai(tj,2j,)  > 

So,  along  the  lower  branch  our  assumption  that  cr  = 0 leads  to  only  a trivial  solution. 
Similarly,  along  the  upper  branch  where  X\{txzo)  < Frzo;  there  are  no  neutral  points. 

/S 

But  the  nose  is  a point  of  neutral  stability  as  there  Xi{txzq)  = t^zo-  There  6i  is  not 
equal  to  zero  and  in  fact  oc  0i. 

Therefore,  we  can  conclude  that  at  constant  wall  stress,  the  lower  branch  is 
stable  to  small  perturbations  as  at  t^zo  = 0 all  the  eigenvalues  determined  by  the 
perturbed  velocity  and  temperature  equations  are  negative  and  they  cannot  rise  to 
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zero  till  the  nose  of  the  curve  is  reached.  This  suggests  that  the  upper  branch  is 
unstable  but  does  not  prove  it.  A proof  for  this  is  presented  later  in  this  chapter 

Next,  we  will  look  for  points  of  neutral  stability  along  the  base  curve  at  con- 
stant wall  speed. 

4.1.2  The  Stability  Results  at  Constant  Wall  Speed 


Rearranging  the  temperature  equation  at  neutral  conditions,  we  obtain 


d^^i 

dx^ 


+ fo'r^zA  = -‘^h^xzo^xz, 


(4.15) 


with  6i{x  = ±1)  = 0.  Under  neutral  conditions  f^zi  is  a constant  . Now,  integrating 
the  equation  that  defines  the  perturbed  shear  stress 


foTxzi  = 


(\v 


zi 


dx 


/O  ^xzo^i 


over  — 1 < a;  < 1,  with  the  boundary  condition  that  i)^.  = 0 at  x = ±1,  we  obtain 


fodx  + J fo’Oidx  (4.16) 

Note  that  under  neutral  conditions,  fxzi  is  a constant  and  hence  can  be  pulled 
outside  of  the  integral.  Now,  the  objective  is  to  see  whether  any  non-zero  solution 
to  these  equations  is  possible,  i.e.,  if  either  fxzi  or  0i  is  non-zero.  However,  it  turns 
out  that  if  one  of  them  is  zero,  the  other  is  also  zero.  To  see  this,  observe  from  the 
perturbed  temperature  equation  that  if  0i  = 0,  then  fxz^  = 0 . The  converse  is  also 
true,  i.e.,  if  fxz^  = 0 then  9i  = 0.  The  perturbed  temperature  equation  above  tells  us 
that  this  is  true  along  the  lower  branch  where  \\{txzo)  > Txzo-  It  is  also  true  on  the 
upper  branch  where  Ai(r^^J  < Txzo-  At  the  nose,  where  Ai(r^^J  = Txzo,  if  ^xz,  = 0, 

ys 

then  the  perturbed  temperature  equation  above  tells  us  that  oc  0i.  But  then  the 
equation 

0 = fxz,  J fodx  + Txzo  j fo  (^idx 

®As  the  stability  result  at  constant  wall  stress  is  identical  to  the  stability  result  for  a thermal 
ignition  problem  in  a catalyst  pellet,  this  raises  the  question  ”Is  the  thermal  ignition  problem  a 
good  model  for  the  Couette  flow  problem  with  frictional  heating,  at  least  under  constant  wall  stress 
conditions?”  We  will  explore  this  question  in  detail  later  in  the  thesis. 
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requires  the  constant  of  proportionality  to  be  zero  as  is  singly  signed,  i.e.  it  is  an 

/N 

even  function  of  x.  Therefore  we  conclude  that  neither  fxzi  nor  9^  are  zero,  or  both 
are  zero. 

Now,  let  Txzo  correspond  to  a point  on  the  lower  branch  of  the  base  curve.  To 
find  out  whether  or  not  a solution  fxzi  ^ 0, ^ 0 can  be  found  satisfying  the  above 

^ /V 

equations,  we  will  write  9i  = Txz,  and  using  the  9o  equation 


dx^ 


2/o7r2o 


6 6 

we  conclude  that  - — under  neutral  conditions  is  equal  to  Oq.  This  being  so,  - — 


To 


To 


XZl  ' XZl 

must  be  positive  along  the  lower  branch  as  9q  is  positive  along  the  lower  branch. 


Now,  the  equation 


•+i 


'+1 


0 = f. 


XZl 


fodx  + T, 


XZQ 


fo  Oidx 


-1 


-1 


can  be  rewritten  as 


0 = f. 


XZ\ 


r 

1 

<( 

o 

+ 

1-1 

‘ XZ\ 

da; 


(4.17) 


As  /o,  fo  and  Txzq  are  all  positive  this  equation  can  be  satisfied  only  if  fxzi  = 0.  The 
conclusion  then  is  that  there  are  no  points  of  neutral  stability  on  the  lower  branch 
of  the  base  solution  curve  as  assuming  <7  = 0 leads  us  only  to  the  trivial  solution 

/V 

Txzi  =0  and  hence  9i  = 0. 

To  move  on  to  the  upper  branch,  consider  dVo/dxxzQ  where  Vq  is  defined  as 

•+i 


Vo  = r. 


120 


fodx 


-1 


Now  the  equation 


./o  + /o  Txzo^O 


1 

+ 

o 

1 

0 = Txzi  / 

J-1 

' XZl 

dx 


(4.18) 
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can  be  rewritten  by  putting  9i/fxzi  — and  then  using  the  formula  in  the 
result  to  obtain 


0 = f. 


dVi 


0 


XZ\ 


dr. 


(4.19) 


XZO 


This  equation  holds  on  both  the  branches.  Therefore  on  both  the  branches,  the 
hypothesis  fxzi  0 leads  to  the  conclusion  that  fxzi  = 0 as  along  the  lower  branch 
dVo/dTxzQ  is  positive  and  along  the  upper  branch  <\Vq/(\txzo  is  negative.  Only  the 


nose  remains. 


At  the  nose,  the  perturbed  temperature  equation  cannot  determine  6i  unless 
a solvability  condition  is  satisfied  as  Xi{txzo)  = Txzq  at  the  nose.  The  solvability 
condition  is 

J 01  {-‘^foTxzo'^xzi } dx  = 0 (4.20) 

and  this  cannot  be  true  unless  fxzi  = 0 as  0i,  the  fundamental  eigenfunction  is  singly 
signed.  This  implies  that  the  nose  cannot  be  a point  of  neutral  stability.  Therefore, 
the  conclusion  is  this:  There  are  no  points  of  neutral  stability  on  the  entire  base  curve 
for  perturbations  of  zero  wave  number  a,t  constant  wall  speed. 

The  only  case  that  we  have  overlooked  in  this  analysis  is  that  the  possibility 
that  X2{'Txzo)  — Tc2o  fhe  upper  branch.  We  will  consider  this  next. 

It  turns  out  that  if  \2{txzo)  = '^xzo^  oa  fh®  upper  branch,  then  fxzi  — 0 does 

/V 

not  imply  6i  = 0.  In  fact,  looking  at  the  perturbed  temperature  equation,  we  can 

/N 

conclude  that  if  fxzi  — 0)  then  9i  oc  (f)2  satisfies  the  perturbed  temperature  equation 
and  also  the  equation 

/'+!  /•+!  , . 

0 = Txzi  J fodx  + Txzo  J fo  9idx 

Such  a point  referred  to  as  a ’branch  point’  earlier  is  also  therefore  a point  of  neutral 
stability. 

The  existence  of  a branch  point  on  the  upper  branch  depends  on  the  fiuidity. 
For  exponential  fluidity,  we  have  already  shown  numerically  in  chapter  2,  that  along 
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the  upper  branch  X2{txzo)  > '''xzo-  Therefore,  there  is  no  possibility  that  there  are 
neutral  points  at  constant  wall  speed  on  the  upper  branch  for  exponential  fluidity. 

The  stability  result  that  we  obtained  at  a zero  wave  number  disturbance  so 
far  is  summarized  in  the  following  statement:  ” The  entire  base  solution  curve  is 
stable  to  small  perturbations  at  constant  wall  speed  but  the  nose  is  a point  of  neutral 
stability  and  the  upper  branch  is  unstable  at  constant  wall  stress”.  We  will  explore  the 
implications  of  this  result  in  terms  of  a physical  experiment  later  on  in  this  chapter. 

4.2  The  rate  of  change  of  Eigenvalues  with  a change  in  the  Input  Variables 

describing  the  problem 

Thus  far,  we  have  discussed  the  stabilitv  of  Couette  flow  for  a zero  wave 
number  disturbance  at  constant  wall  speed  and  at  constant  wall  stress.  We  did  this 
by  looking  for  neutral  points  on  the  curve.  However,  in  this  analysis,  we  did  not 
calculate  the  magnitude  of  the  eigenvalues  nor  did  we  examine  how  they  change  with 
various  parameters  in  this  problem.  This  is  important  because  in  any  linear  stability 
calculation,  the  largest  eigenvalue  tells  us  how  fast  an  arbitrary  perturbation  grows 
or  decays  with  time.  For  example,  if  the  largest  eigenvalue  is  negative,  it  implies  an 
arbitrary  perturbation  decays  with  time.  But  the  sign  alone  does  not  tell  us  how 
long  it  takes  for  the  perturbation  to  decay.  The  magnitude  of  the  eigenvalue  decides 
this.  If  the  magnitude  is  very  small,  then  it  means  a perturbation  takes  a long  time 
to  decay.  On  the  other  hand,  if  the  magnitude  is  very  large,  then  it  implies  that 
that  a perturbation  decays  almost  instantaneously.  Therefore,  it  becomes  important 
to  estimate  the  magnitude  of  the  eigenvalues  along  the  curve  for  various  values  of 
parameters  such  as  wall  speed  Vq  or  the  Prandtl  number  Pr  and  so  on.  With  this 
in  mind,  we  examine  how  the  eigenvalues  change  with  respect  to  a change  in  system 
parameters. 
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The  perturbed  equation  at  zero  wave  number  can  be  written  as 

Au  = (jBu  (4.21) 


Now,  let  A be  any  parameter  such  as  the  Prandtl  number  of  the  fluid  in  the  gap  or 
the  speed  of  the  moving  plate.  In  this  section,  we  will  be  interested  in  seeing  how  the 
eigenvalues  at  zero  wave  number  change  with  respect  to  a change  in  these  parameters. 

Let  ‘ denote  the  derivative  with  respect  to  the  parameter  A.  Differentiating 
the  above  equation  with  respect  to  A we  get 

Ail  + Au  = crBu  + crBu  + crBu  (4.22) 

Multiplying  the  equation  Au  = crBu  with  u and  integrating  it  over  —1  to  +1  and 
subtracting  it  from  the  above  equation  multiplied  with  u and  integrated  over  —1  to 
+1,  we  obtain 

• • 

< u,  Au  >=  (T  < u,  Bu  > +CT  < u,  Bu  > (4.23) 

As  an  example,  let  A be  the  wall  speed  Vq.  As  the  operator  B does  not  depend 
on  the  wall  speed  Vq?  B = 0.  Therefore,  we  obtain 


< u,  Au  >=  (T  < u,  Bu  > 

< u,  Au  > 

a = 

< u,  Bu  > 


(4.24) 

(4.25) 


where 


0 


[/oPrzo] 


[/oA;zo] 


(4.26) 


Substituting  for  A in  the  formula  for  d,  we  get 


a = 


2 fli  ^ [fo]  \Txzi  pdx  + 4 J ^ [foTxzo]  'Txzi^ldx  + 


■+1 


dVr 


0 


[fo'Txzo'^]  1^1  pdx 


Pr  1^1  pdx  + 2 |i)zj  pdx 


(4.27) 
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Now,  looking  at  this  equation,  the  following  observations  can  be  made  about  the  sign 
of  various  terms: 


As  /o  increases  with  9q  and  increases  with  Vq,  ^ [/o]  is  positive. 


foT: 


dvz 


XZo 


dx 


-,  the  velocity  gradient  in  the  gap.  As  the  velocity  is  increased,  the 


velocity  gradient  has  to  increase  in  the  gap  and  hence  ^ [foTxzo]  is  positive. 


foTxzo^  is  the  viscous  dissipation  term  and  it  can  be  asserted  that  it  increases 
with  an  increase  in  velocity.  Hence,  [foTxzo^  is  positive. 


dVt 


0 


So,  the  sign  of  a can  be  determined  if  only  the  sign  of  J_,  could  be  determined. 

But  it  is  difficult  to  predict  the  sign  of  except  for  a special  case  and  this  is 

the  case  of  constant  wall  stress  and  that  too  at  the  nose  of  the  curve.  Under  these 
conditions  the  nose  is  a point  of  neutral  stability  where  Txzi  = 0.  Therefore  the 
integral  ^xz^Oi  vanishes  at  the  nose.  This  then  implies  that  a is  positive  as  all  the 
other  terms  in  the  right  hand  side  of  the  a formula  are  positive.  It  means  that  as  the 
velocity  is  increased  from  its  value  at  the  nose,  the  largest  eigenvalue  increases  from 
its  value  of  zero.  This  then  proves  that  the  upper  branch  is  unstable  at  constant  wall 
stress^. 


For  perturbations  under  constant  wall  speed,  it  is  difficult  to  prove  that  the 
eigenvalues  do  increase  as  the  wall  speed  is  increased.  A numerical  calculation  how- 
ever indicates  that  they  do.  Table  4.1  reports  the  largest  eigenvalues  as  a function 
of  wall  speed  for  a Prandtl  number  of  unity.  Observe  from  the  table  that  the  largest 
eigenvalue,  which  indicates  how  long  a perturbation  takes  to  decay,  increases  with  an 


^It  may  be  of  interest  to  note  that  at  constant  wall  stress  only  the  largest  eigenvalue  is  positive 
along  the  upper  branch.  All  the  other  eigenvalues  must  always  be  negative.  To  see  this,  realize  that 
at  the  nose  the  largest  eigenvalue  is  zero  and  all  the  other  eigenvalues  are  negative.  Now,  for  any 
eigenvalue  to  increase  from  its  negative  value  at  the  nose  to  a positive  value  on  the  upper  branch, 
it  has  to  first  cross  zero.  But  we  have  already  proved  that  there  are  no  neutral  points  on  the  upper 
branch.  Therefore,  all  except  the  largest  eigenvalue  must  continue  to  remain  negative  even  on  the 
upper  branch. 
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Table  4.1:  The  rate  of  decay  of  perturbations  as  a function  of  wall  speed. 


wall  stress,  t^zo 

wall  speed,  Vq 

Largest  eigenvalue,  cti 

0.15 

0.30 

-2.50 

0.3 

0.62 

-2.40 

0.5 

1.10 

-2.20 

0.7 

1.74 

-1.90 

0.93 

3.68 

-1.10 

0.9362 

4.02 

-1.00 

0.7 

11.94 

-0.22 

0.5 

21.69 

-0.085 

0.3 

46.50 

-0.022 

0.15 

117.9 

-4.40  xl0“^ 

increase  in  wall  speed.  This  is  due  to  the  fact  that  the  average  viscosity  in  the 
gap  decreases  as  the  wall  speed  is  increased  and  hence  a perturbation  takes  a longer 
time  to  be  carried  over  to  the  boundaries.  Again,  this  explanation  is  based  on  the 
assumption  that  the  rate  of  decay  of  perturbations  is  controlled  by  the  decay  of  me- 
chanical disturbances.  Thus  far,  we  have  not  established  a methodology  to  determine 
for  a given  point  on  the  curve,  whether  the  decay  of  perturbations  is  controlled  by  the 
decay  of  the  thermal  disturbances  or  the  decay  of  mechanical  disturbances.  We  might 
be  able  to  assert  that  as  Pr  0,  the  thermal  disturbances  die  out  instantaneously 
and  the  rate  of  the  decay  of  perturbations  is  dominated  by  the  decay  of  mechanical 
disturbances  and  as  Pr  — > oo,  the  decay  of  perturbations  is  dominated  by  the  decay 
of  thermal  disturbances.  The  question  to  be  addressed  then  is  whether,  for  a given 
point  on  the  curve  and  for  a given  Prandtl  number,  it  is  possible  to  determine  a priori 
whether  the  decay  is  thermally  dominated  or  mechanically  dominated.  In  the  next 
chapter,  we  will  provide  a method  to  answer  this  question.  In  doing  this,  we  will  find 
that  calculating  ^ turns  out  be  useful. 

Returning  to  the  stability  results  we  conclude  that: 

• For  vanishing  wall  speed  perturbations,  the  entire  base  solution  curve  is  stable 
to  small  perturbations. 
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• For  vanishing  wall  stress  perturbations,  the  nose  is  a point  of  neutral  stability 
and  the  upper  branch  is  unstable  to  small  perturbations. 

Based  on  the  above  results,  we  can  conceive  of  an  experiment  with  the  follow- 
ing objective: 

• Setting  the  wall  speed,  obtain  the  base  solution  curve.  Based  on  our  stability 
results,  this  should  be  possible  as  perturbations  decay  at  constant  wall  speed. 

• Once  the  base  solution  is  obtained,  hold  the  shear  stress  fixed  at  a point  on 
the  upper  branch.  The  upper  branch  being  unstable  for  a fixed  wall  stress,  the 
system  ought  to  jump  to  the  lower  branch  for  that  value  of  shear  stress  as  that 
is  the  only  stable  operating  point  for  that  value  of  shear  stress. 

However,  as  the  above  conclusions  are  based  on  the  stability  results  for  a zero 
wave  number  disturbance,  we  have  to  check  what  happens  to  the  stability  results 
when  the  restriction  of  a zero  wave  number  disturbance  is  relaxed.  For  example,  the 
following  could  happen  for  a disturbance  of  non-zero  wave  number: 

• At  a point  on  the  upper  branch,  the  base  solution  might  become  unstable  for 
a perturbation  of  non-zero  wave  number  even  for  constant  wall  speed  condi- 
tions. This  seems  unlikely.  The  experiments  of  Sukanek[9]  suggest  that  the 
base  solution  curve  could  be  obtained  setting  the  wall  speed,  hinting  that,  at 
least  in  the  practically  possible  operating  regions  of  a physical  experiment,  the 
upper  branch  is  stable  at  constant  wall  speed.  Nevertheless,  it  is  important  to 
demonstrate  that  for  the  experimental  fluids  used  in  this  study  that  the  upper 
branch  is  indeed  stable  under  constant  wall  speed  conditions. 

• The  lower  branch  might  become  unstable  under  constant  wall  stress  conditions 
for  a non-zero  wave  number  disturbance.  This  is  important  to  know  because  if 
indeed  this  is  true,  then  holding  the  wall  stress  hxed  even  on  the  lower  branch 
of  the  base  curve  becomes  impossible  in  any  physical  experiment. 
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To  check  all  of  this,  a perturbation  calculation  at  non-zero  wave  number  should  be 
carried  out  before  designing  an  experiment.  In  chapter  6,  we  will  do  this.  Before  that, 
we  will  address  the  question  ” What  is  the  dominant  mode  of  decay  of  perturbations 
for  a given  point  on  the  base  curve  and  for  a given  Prandtl  number  ?”  in  the  next 
chapter.  But,  even  before  that,  once  again  we  conclude  this  chapter  with  endnotes 
on  peripheral,  but  interesting  and,  in  some  cases,  useful  ideas  that  simply  get  in  the 
way  of  the  main  theme  of  this  chapter. 

4.3  Endnotes 

4.3.1  Proof  of  the  Self-Adiointness  of  the  Operator  A 

A self  adjoint  operator  is  defined  as  an  operator  that  satisfies  A = A*  where 
A*  is  the  adjoint  operator  of  A defined  by 

< Au,  V >=<  u,  A*v  > 


where  u,  v are  two  arbitrary  vectors  and  <>  denotes  an  inner  product.  Here,  the 
inner  product  of  two  vectors  < u,  v > is  defined  as 

<u,  v>=  j u.vdx 


where  the  represents  a complex  conjugate. 

Consider  Au  = crBu  for  the  specific  case  of  exponential  fluidity  i.e./o  = /o 


/ 


It  is 


0 


0 2/or^^o 


' Vzy 

'20  O' 

rH 

J') 

1 

ys. 

'^XZi 

= G 

0 0 0 

'^XZ\ 

J 

0 0 Pr 

1 

1 

(4.28) 


Now,  taking  the  inner  product  of  the  left  hand  side  of  this  equation  with  v where 
V = [ ui  Ti  d\  , is  any  arbitrary  vector,  we  obtain 
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< 


0 2 


dx 


dx 


2/o 


0 2/or^^o 
when  expanded  this  yields 
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2/07-; 


xzo 


dx^ 


+ /o'^xzo 


' fizi 

’ Vi 

/V 

'^XZl 
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n 
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L^i  J 

> 


(4.29) 


2 / - 2 / ^Tidx  + 2 / /of,,,ndrr 

QX  J ^ QX 


-1 


-1 


+2  /o-rxzo^inda;  + 2 /X/  /orxzo^'xzi^'ida: 


+1 


(4.30) 


■+i 


+ /X/  + / /oT'xzo^^i^ida: 


Now,  the  boundary  condition  on  v is  chosen  to  be  the  same  as  that  of  u.  Now,  if  the 
wall  speed  is  held  fixed  then 


Vzi{x  = ±1)  = 0 = v\{x  = ±1),  9i{x  = ±1)  = 0 = ^1(2:  = ±1) 


and  if  the  wall  stress  is  held  fixed: 


TxzA^  = +1)  = 0 = Ti{x  = +l),Vz,{x  = -1)  = 0 = Vi{x  = -1), 


^1(2;  = ihl)  = 0 = ^1(2;  = il) 


Integrating  these  equations  with  the  preceding  boundary  condition,  we  get  the  fol- 
lowing result  both  for  the  case  of  constant  wall  speed  and  for  the  case  of  constant 


wall  stress 


dx  -f-  2 


— ^'02,dx  -I-  2 
dx 


•+i 


.fo'TxziTidx 


-1 


+2  /oTxzo^’lTidx  + 2 /X/  foTxzo^xzi^idx 


+1 


(4.31) 
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This  can  be  rewritten  as 


< 


V 


zi 


T 


XZl 


01 


This  equation  is  of  the  form 


0 2 


dx 


dx 
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2/o 


2/o  T, 


XZo 


0 2/ox 


XZo 


dx^ 


+ foTxzo 


Vl 


Tl 


01 


> 


(4.32) 


< u,  Av  > 


Therefore,  we  hiid  that 

< Au,  V >=<  u,  Av  > 

Therefore,  by  definition  of  a self-adjoint  operator,  operator  A is  self-adjoint.  Now  to 
prove  that,  in  this  case,  a is  real  consider  once  again 


Au  = aBu 


Now  taking  the  inner  product  of  this  equation  with  u,  we  obtain 

< u,  Au  >=<  u,  crBu  > (4.33) 

Consider  the  left  hand  side  of  this  equation  which  is  < u,  Au  >.  It  can  be  rewritten 
as  < Au,  u > as  A is  self-adjoint.  This  again  can  be  rewritten  using  Au  = crBu 
as  < crBu,  u > which  by  the  definition  of  the  inner  product  can  be  written  as  a < 
Bu,  u >.  Thus  we  have 

< Au,  u >=  a < Bu,  u > 

However  < Au,  u >=<  u,  Au  >=  cr  < u,  Bu  >.  In  other  words, 

{a  — a)  < u,  Bu  >=  0 

Now,  < u,  Bu  > is  strictly  positive  unless  u^=[0  1 0].  However  u^=  [0  1 0]  in  our 

/V. 

flow  corresponds  to  Vzi^Oi  = 0 but  fxzi  / 0 which  is  physically  not  possible.  Hence, 
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< u,  Bu  > is  strictly  positive  for  all  cases  of  physical  interest.  This  then  implies  that 


a = a 


which  implies  that  the  eigenvalues  are  real. 

4.3.2  The  Equations  at  Zero  Wave  Number  for  Circular  Couette  Flow 


In  the  main  body  of  this  chapter,  we  presented  the  plane  Couette  equations 
in  operator  form.  The  corresponding  equations  in  operator  form  for  circular  Couette 


flow  are 
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0 0 rPr 

L^i  J 

(4.34) 


For  an  exponential  fluidity  dependence,  this  operator  is  self-adjoint. 

4.3.3  The  Plane  Couette  Flow  Equations  in  the  2x2  formulation  in  and  9} 


For  the  plane  Couette  problem,  it  turns  out  that  it  is  not  necessary  to  cast 
the  problem  where  A is  a 3 x 3 matrix  that  the  eigenvalues  are  real.  This  can  also 
be  proved  by  getting  a 2 x 2 matrix  instead.  To  see  that,  observe  that  the  equations 
in  2 X 2 look  like  below: 
d2 


dx'^ 
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d/xo  d 

fo  d 
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dx  dx 

fo  dx 
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fo 
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’ Vzi  ' 

■ 1 
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’ 'O21  ' 
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L^i  J 

_ 0 

Pr  _ 

L J 

(4.35) 


For  exponential  fluidity,  /o  = /o-  Hence,  the  equations  reduce  to 


d2 

d/io  d 
da;  dx 

d 

dx 

’ i’zi  ' 

— a 

■ 1 
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’ ^zi  ' 

^ d 
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. 

(4.36) 
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Multiplying  the  1st  row  by  two,  we  obtain 
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^ ^d/xo  d 

2/J,()— — + 2 


dx  dx 


— 2r. 


XZo 


dx 
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(4.37) 


dx  dx2 

The  operator  A in  this  formulation  is  self-adjoint  and  the  operator  B is  strictly 
positive,  i.e.  < Bu,  u > is  greater  than  zero  for  any  arbitrary  non-zero  u.  Therefore 
cr  must  be  real. 

4.3.4  Can  the  sign  of  a be  obtained  from  an  Energy  Argument  ? 


In  the  main  body  of  this  chapter,  to  find  out  whether  the  base  flow  is  stable  to 
small  perturbations  at  constant  wall  speed  and  at  constant  wall  stress,  we  looked  for 
neutral  points  by  substituting  cr  = 0 in  the  perturbed  equations  and  asked  whether 
any  non-trivial  solutions  exist  to  the  equations  under  neutral  conditions.  In  this 
section,  we  will  see  whether  we  can  obtain  the  sign  of  a by  other  methods.  Specifically, 
we  will  use  the  energy  method  to  see  whether  we  can  determine  the  sign  of  cr.  To  do 
this,  we  will  multiply  the  first  row  of  the  matrix  in  the  2x2  self-adjoint  formulation 
by  hzj  and  integrate  it  between  —1  to  1 with  the  boundary  condition  that  = 

±1)  = 0 and  6i{x  = ±1)  = 0 and  add  it  to  the  second  row  multiplied  by  9i  and 
integrated  over  —1  to  1 with  the  boundary  condition  that  Vzi{x  = ±1)  = 0 and 
9i{x  = ±1)  = 0.  We  obtain 


cr 


•+i 


V 


21 


^ -|-  Prj^ip  1 dx 


U-i 


/^o 


dn 


21 


-1 


dx 


^ + 4^9 

dx 


1 


2 x'  2 \n  |2 


dx 


Notice  that  we  have  imposed  the  boundary  condition  that  the  wall  speed  is  held 
fixed  at  X = 1 in  deriving  this  result.  The  same  result  would  have  been  obtained  had 
the  boundary  condition  been  one  of  constant  wall  stress  instead  of  one  of  constant 


wall  speed  at  x = 1.  This  is  interesting  as  we  now  know  that  the  stability  result  at 


constant  wall  stress  is  different  from  the  stability  result  at  constant  wall  speed.  And 
it  seems  like  the  energy  argument  cannot  isolate  that  difference.  Therefore,  we  might 
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expect  that  the  energy  argument  will  not  give  us  anything  conclusive  regarding  the 
sign  of  a.  In  fact,  this  turns  out  be  indeed  true.  To  see  this  observe  that  the  formula 
for  a can  be  rewritten  as 


a = 


Avzy 

dx 


dx 


+ Pr|^i  Ax 


The  sign  of  the  integral  ^^0\Ax  has  to  be  known  to  conclude  anything  about 
the  sign  of  a.  Therefore,  we  conclude  that  we  cannot  predict  the  sign  of  a using  the 
energy  argument. 

4.3.5  Neutral  points  for  the  case  < 0 


Thus  far  in  this  chapter,  we  looked  at  the  stability  characteristics  of  the  class 
of  fluids  which  satisfy  /o  > 0,/o  > 0.  Liquids,  typically  fall  under  this  category. 
To  do  the  stability  analysis,  we  looked  for  neutral  points  on  the  base  solution  curve 
which  separates  stable  shear  flows  from  unstable  shear  flows.  In  this  section,  we  look 
for  neutral  points  on  the  base  solution  curve  for  the  class  of  fluids  with  /o  > 0,/o  < 0. 
To  do  this,  we  refer  to  the  equations 


dfxzi 

0 = — ^ 
dx 


d^0  / 

0 = “7^  + /o  + ‘^foTxzo'^xzi 


that  describe  the  equation  of  motion  and  the  energy  balance  equation  under  neutral 
conditions. 

At  constant  wall  stress,  f^zi  = 0.  Therefore,  the  equation  that  describes  the 
problem  under  neutral  conditions  is: 


+ /o  '^xzo^l  - 0 


where  9i{x  = ±1)  = 0.  As  /g  is  negative,  this  equation  has  no  solution  except  = 0 

/s 

and  there  are  no  solutions  other  than  9i  = = 0 when  we  look  for  points  of 
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neutral  stability  at  constant  wall  stress.  We  conclude  that  there  are  no  points  of 


neutral  stability  on  the  entire  curve  at  constant  wall  stress  for  fluids  with  /q  < 0. 
At  constant  wall  speed,  the  equations  under  neutral  conditions  are 


d^^i  1-  ' 2 a 

+ Jo 


fo'^xzo^xzi 


1 

+ 

o 

1—* 

1 

0 = Txz^  / 

J-1 

' XZi 

dx 

As  before,  by  using  the  similarity  of  the  perturbed  temperature  equation  to  the 
equation,  we  rewrite  the  above  equation  as 

•+i  . 


0 = T 
^ ‘ xz\ 


-1 


/o  + /o  Txzo^O 


dx 


which  is  again  rewritten  as 


0 = f. 


XZi 


dVf 


0 


dr. 


XZO  J 


where  Fq  = Txzq  fV  fodx.  Based  on  our  earlier  calculations  of  Vq  for  linear  and 

exponential  viscosity  dependence  on  temperature,  we  can  assert  that  dV^/dr^zQ  > 0 

/ ^ 

for  fluids  with  /g  < 0.  This  then  implies  Txzi  = 0 and  hence  d\  = 0.  Therefore 

assuming  cr  = 0 only  gives  us  the  trivial  result  and  hence  we  conclude  that  there 
are  no  points  of  neutral  stability  for  fluids  with  /g  < 0 under  constant  wall  speed 


conditions. 


CHAPTER  5 

THE  ROLE  OF  PRANDTL  NUMBER 


In  the  earlier  chapters  two  arguments  were  advanced  to  explain  the  physics 
of  the  problem.  The  first,  based  on  the  temporal  behavior  of  mechanical  distur- 
bances, sought  to  explain  why  perturbations  at  fixed  wall  stress  linger  longer  than 
perturbations  at  fixed  wall  speed.  The  second,  based  on  the  temporal  behavior  of 
thermal  disturbances  sought  to  explain  why  thermal  feedback  under  constant  stress 
conditions  could  lead  to  an  unstable  flow  state  while  this  feedback  is  absent  when 
the  wall  speed  is  held  fixed.  Further,  in  an  endnote  to  Chapter  2,  it  was  observed 
that  the  temperature  equation  in  the  Couette  flow  problem  is  similar  to  the  equation 
defining  the  thermal  ignition  problem  in  a heat  generating  solid  and  the  wall  stress  in 
the  fluid  problem  was  found  to  be  the  analog  of  the  ignition  parameter.  In  addition, 
our  stability  results  at  constant  wall  stress  were  found  to  be  identical  to  the  stability 
results  in  the  thermal  ignition  problem  with  the  nose  being  a point  of  neutral  stability 
and  the  upper  branch  being  unstable  in  both  the  cases.  However,  a close  look  at  the 
stability  results  at  constant  wall  stress  at  the  nose  of  the  curve  where  the  similarity 
to  the  ignition  problem  is  the  most  striking  tells  us  that  even  at  this  point  there 
is  indeed  both  a mechanical  and  a thermal  character  to  the  Couette  flow  problem. 
To  see  this,  observe  that  at  the  nose  of  the  curve  where  a = 0 and  fxzi  = 0,  the 
perturbed  temperature  equation  looks  identical  to  the  equation  defining  the  thermal 
ignition  problem.  However,  the  perturbed  velocity  is  not  zero.  In  fact,  it  is  related 
to  the  perturbed  temperature  by  the  relation  ^ = /qTxzoOi.  Therefore,  this  result 
suggests  that  the  dynamics  of  both  the  mechanical  and  the  thermal  disturbances  are 
important  to  understand  the  physics  of  this  problem.  The  goal  of  this  chapter,  then. 
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is  to  learn  under  what  conditions  mechanical  disturbances  control  the  dynamics  and 
when  thermal  disturbances  control  the  dynamics  in  Couette  flow. 

The  Prandtl  number  is  the  ratio  of  the  momentum  to  the  thermal  diffusivity 
and  so  one  might  imagine  that  the  Prandtl  number  of  the  fluid  will  decide  which  type 
of  disturbance,  mechanical  or  thermal,  is  important,  if  indeed  either  is  dominant.  To 
decide  when  the  mechanical  disturbances  control  and  when  thermal  disturbances 
control  using  the  Prandtl  number,  we  first  ask  how  the  growth  rates,  cr,  behave  with 
the  Prandtl  number.  To  answer  this  question,  we  will  go  ahead  and  obtain  a formula 
for  ^ but  before  doing  that  let  us  ask  what  we  can  change  to  change  the  Prandtl 
number.  Note  that  in  our  scaling,  both  the  wall  speed  and  wall  stress  are  scaled  with 
respect  to  the  physical  properties.  The  wall  speed  is  scaled  with  respect  to  y^Jk/S^w 
and  wall  stress  is  scaled  with  respect  to  k / S . Therefore,  the  only  way  to 
change  the  Prandtl  number  holding  the  actual  (unsealed)  value  of  the  wall  speed  and 
the  wall  stress  fixed  would  be  to  change  the  value  of  Cy.  Hence,  in  this  scale,  we  view 
a change  in  Prandtl  number  as  a change  only  in  Cy. 

Now  to  obtain  recall  that  the  eigenvalue  problem  is 


Au  = crBu 


where  the  matrix  A is 


0 


dx 


0 


-2 


dx 


2,/o 


2/o  T. 


XZo 


£ 
d^ 


0 ‘^foTxzo  “TT  + /o 


XZo 


2 0 0 
0 0 0 
0 0 Pr 


and  the  matrix  B is 
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and  u = 


'^XZl 

/s 


L J 

Now,  recall  that  we  obtained  a formula  to  see  how  the  eigenvalues  change  with  a 
system  parameter.  It  is 


■ • 

< u,  Au  >=  a < u,  Bu  > +a  < u,  Bu  > 


Now,  let  a refer  to  the  rate  of  change  of  cr  with  respect  to  the  Prandtl  number.  Then, 
the  matrix  A is  independent  of  Prandtl  number  of  the  liquid  in  the  gap  and  therefore 
A is  zero.  Therefore,  we  obtain 

0 = (j  < u,  Bu  > +a  < u,  Bu  > (5.1) 


and  hence 


a = —a 


< u,  Bu  > 

< u,  Bu  > 


where  B simply  is 


0 0 0 
0 0 0 
0 0 1 


Substituting  for  B and  B in  the  above  equation,  we  obtain 


a = —a 


111  1^1 1 dx 


Pr/^j  1^1 1 dx  + 2f^^ 


V 


da; 


This  can  be  rewritten  as 


1 


a = —a 


Pr  + 2 


/-I 


V 


zi 


'dx 


l®il 


(5.2) 


(5.3) 


(5.4) 


This  equation  holds  both  for  a boundary  condition  of  constant  wall  speed  and  for  a 


boundary  condition  of  constant  wall  stress. 


The  first  conclusion  coming  from  this  equation  is  that  when  a is  negative,  a 
is  positive  and  when  a is  positive,  a is  negative.  A change  in  the  Prandtl  number 
therefore  stabilizes  an  unstable  mode  and  destabilizes  the  stable  modes.  This  can  be 
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explained  as  follows:  an  increase  in  Cy  increases  the  thermal  inertia  of  the  system, 
i.e.,  it  makes  the  response  to  a thermal  disturbance  more  sluggish  thus  slowing  down 
the  rate  at  which  a disturbance  grows  or  decays.  A perturbation  therefore  takes  a 
longer  time  to  decay  if  it  is  decaying  and  a longer  time  to  grow  if  it  is  growing.  This 
is  exactly  what  the  result  shows.  Now,  this  explanation  should  not  be  interpreted 
to  mean  that  only  the  thermal  disturbances  control  the  dynamics  of  the  growth  or 
the  decay.  In  fact,  it  turns  out  that  the  actual  magnitude  of  a changes  depending  on 
whether  the  dominant  mode  for  the  decay  of  perturbations  is  thermal  or  mechanical. 
If  the  dominant  mode  is  mechanical,  then  a hardly  changes.  On  the  other  hand,  if 
the  dominant  mode  is  thermal,  then  a changes  a lot.  The  formula  leads  to  a curious 
situation  on  the  upper  branch  of  the  curve  at  constant  wall  stress.  At  constant 
wall  stress  on  the  upper  branch,  the  largest  eigenvalue  is  positive(unstable)  and  all 
the  other  eigenvalues  are  negative  (stable).  An  increase  in  Cy  on  the  upper  branch 
therefore  stabilizes  an  unstable  mode  and  destabilizes  all  the  other  stable  modes. 
However,  it  should  be  noted  that  the  stability  results  are  not  altered  as  the  Prandtl 
number  is  changed:  a stable  operating  point  on  the  curve  always  remains  stable  and 
an  unstable  point  on  the  curve  always  remains  unstable^  Only  the  magnitude  of  the 
growth  or  decay  changes  with  a change  in  Prandtl  number. 

Next  we  will  see  to  what  the  a formula  reduces  to  in  the  limit  of  high  and  low 
Prandtl  number. 

fit  1^21  pda; 

For  low  values  of  Pr,  assuming  that  ^^5 — >>  Pr,we  obtain 

111  1^1 1 do; 


1 


a = —a 


f-r 


•021  pdx 


(5.5) 


fli  1^1 1 do: 


If  our  earlier  assertion  that  at  low  Prandtl  number,  the  growth  or  decay  of  perturba- 


tions is  dominated  mainly  by  the  growth  or  decay  of  mechanical  disturbances  then  a 


*This  is  because  we  know  that  the  stability  results  are  independent  of  the  Prandtl  number 
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ought  to  be  extremely  small  and  a ought  to  remain  roughly  a constant  at  low  Prandtl 
numbers. 

For  extremely  large  Pr,  assuming  that  ^-5 — <<  Pr,  the  & formula 

1^1 1 dx 

simplifies  to 

cr 

^ ~ ~Pi 

We  learn  by  integrating  this  equation  that  aPr  is  a constant  for  large  Prandtl  num- 
bers. This  implies  that 

a oc  1/Pr 

And  for  a fixed  this  in  turn  means  that  a a 1/Cv  Therefore,  at  high  Prandtl 

numbers,  the  eigenvalues  vary  inversely  with  respect  to  the  specific  heat  Cy  and  is 

independent  of  — - — — . Or  at  high  Pr,  the  growth  or  decay  of  disturbances  is 

/-I  1^1 1 dx 

thermally  controlled. 

Table  5.1  and  5.2  indicates  how  the  eigenvalues  change  as  a function  of  the 
Prandtl  number  for  a constant  wall  speed  and  conducting  walls  The  table  provides 
results  both  for  a point  on  the  lower  branch  and  for  a point  on  the  upper  branch  at 
the  same  value  of  the  dimensionless  shear  stress  t^zo  = 0.5.  This  table  demonstrates 
numerically  the  invariance  of  a at  low  Prandtl  number  and  also  its  inverse  variation 
with  Prandtl  number  at  high  Prandtl  number. 

Looking  at  the  tables,  we  find  that  at  low  Prandtl  numbers,  the  eigenvalues 
remain  roughly  a constant  and  at  high  Prandtl  numbers,  the  eigenvalues  vary  in- 
versely with  Prandtl  number.  This  result  is  in  tune  with  the  conclusions  we  drew 
earlier  from  the  simplification  of  the  & formula  in  the  limit  of  low  and  high  Prandtl 
numbers.  This  confirms  our  view  that  at  low  Prandtl  number,  the  dominant  mode  for 
the  decay  of  perturbations  is  mechanical  and  at  high  Prandtl  number,  it  is  thermal. 

But  the  Prandtl  number  at  which  the  switch  over  from  mechanical  to  thermal  occurs 

^Refer  to  an  endnote  to  see  how  a change  in  Prandtl  number  affects  the  growth  inodes  for  various 
other  combinations  of  temperature  and  momentum  boundary  conditions  on  the  walls 
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Table  5.1:  The  rate  of  change  of  the  largest  eigenvalue  with  respect  to  the  Prandtl 
number  for  t^zo  = 0.5  along  the  lower  branch. 


Pr 

Largest  eigenvalue,cri 

0.01 

-2.21 

0.1 

-2.21 

1.0 

-2.19 

1.1 

-2.19 

1.2 

-2.18 

1.3 

-2.01 

1.4 

-1.87 

10.0 

-2.64  xlO-i 

100 

-2.64  xlO-2 

1000 

-2.64  xl0“3 

Table  5.2:  The  rate  of  change  of  the  largest  eigenvalue  with  respect  to  the  Prandtl 
number  for  t^zo  = 0.5  along  the  upper  branch. 


Pr 

Largest  eigenvalue, ai 

0.01 

-8.36  X 10-2 

0.1 

-8.35  X 10-2 

1.0 

-8.27  X 10-2 

10.0 

-7.50  X 10-2 

20 

-6.75  X 10-2 

40 

-5.54  X 10-2 

60 

-4.64  X 10-2 

80 

-3.97  X 10-2 

100 

-3.46  X 10-2 

1000 

-4.84  X 10-® 

1 X 10^ 

-5.01  X 10-4 

1 X 10^ 

-5.03  X 10-® 

1 X 10® 

-5.03  X 10-® 
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is  still  an  unknown  and  is  dependent  on  the  point  on  the  base  curve.  Therefore,  we 
address  this  question:  ” Given  a Prandtl  number  and  a point  on  the  base  curve,  is  it 
possible  to  predict  the  dominant  mode  for  the  decay  of  perturbations  a priori  ?” 

To  answer  this  question,  first  obtain  the  base  solution  curve  of  —Txzo  based 
on  the  equation 


d'^^, 


0 


+ /o''"l2o  - 0 


Now,  for  any  point  on  the  curve,  the  scaled  minimum  viscosity  of  the  fluid  in  the  gap 
is  given  by  1/ Once  this  is  determined,  then  the  Prandtl  number,  which  is  based 
on  the  wall  viscosity,  is  then  modified  by  using  the  minimum  scaled  viscosity.  We 
assert  that  the  modified  Prandtl  number  in  fact  determines  what  time  scale  dominates 
the  decay  of  perturbations.  If  the  modified  Prandtl  number  is  less  than  one,  then  we 
assert  that  the  mechanical  disturbances  control  the  dynamics  of  the  perturbations. 
On  the  other  hand,  if  the  modified  Prandtl  number  is  greater  than  one,  then  we 
assert  that  the  thermal  disturbances  control  the  dynamics  of  the  perturbations.  This 
is  simply  based  on  the  rationale  that  it  is  the  lowest  viscosity  of  the  liquid  in  the  gap 
that  determines  the  diffusion  time  scale  for  the  growth  or  decay  of  the  mechanical 
disturbances. 

To  see  whether  our  prediction  is  correct,  let  us  go  back  to  the  table.  Now,  for 
'Txzo  — 0-5,  A'Omi,.  on  the  lower  branch  is  0.87  and  on  the  upper  branch  is  0.017.  From 
the  table  we  find  that  along  the  lower  branch  the  Prandtl  number  at  which  a\  starts 
to  change  noticeably  indicating  that  the  thermal  effects  are  getting  significant  is  1.3. 
Correcting  this  Prandtl  number  by  multiplying  it  with  the  minimum  scaled  viscosity, 
0.87,  we  obtain  1.131.  This  is  very  closely  equal  to  unity  justifying  our  assertion  that 
the  switch  over  from  mechanical  to  thermal  occurs  at  a corrected  Prandtl  number  of 
roughly  one.  Similarly,  along  the  upper  branch  we  find  that  the  percentage  change  in 


the  largest  eigenvalue  with  respect  to  the  percentage  change  in  the  Prandtl  number 
gets  significant  around  a Prandtl  number  of  40.  Correcting  this  Prandtl  number 
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by  multiplying  it  with  the  minimum  scaled  viscosity,  0.017,  we  obtain  0.68.  This  is 
again  of  the  order  of  unity  justifying  our  assertion.  Therefore,  based  on  this  idea,  it  is 
possible  to  predict  roughly  for  a given  point  on  the  base  curve  and  for  a given  Prandtl 
number,  whether  the  dominant  mode  for  the  decay  of  perturbations  is  mechanical  or 
thermal. 

Thus,  using  a simple  procedure  in  which  we  modify  the  Prandtl  number  by 
multiplying  it  with  the  minimum  viscosity,  we  may  be  able  to  decide  for  a given  point 
on  the  curve  whether  the  dominant  mode  for  the  decay  of  disturbances  is  thermal  or 
mechanical.  We  will  now  return  to  our  original  task  of  finding  out  whether  relaxing 
the  restriction  of  a zero  wave  number  disturbance  will  modify  our  stability  results 
that  we  obtained.  Before  that,  a set  of  endnotes  on  calculations  that  are  related  to 
the  main  theme  of  this  chapter  will  be  discussed. 


5.1  Endnotes 

5.1.1  The  purely  Thermal  and  Mechanical  limit  from  a Scaling  Argument 


In  the  main  body  of  this  chapter,  we  claimed  that  the  rate  of  growth  or  decay 
of  disturbances  were  controlled  by  mechanical  perturbations  at  low  Prandtl  number 
and  by  thermal  perturbations  at  high  Prandtl  number.  The  numerical  results  that 
we  obtained  for  the  largest  eigenvalue  as  a function  of  Prandtl  number  backed  this 
assertion.  We  found  that  at  low  Prandtl  numbers,  the  eigenvalues  were  almost  invari- 
ant with  respect  to  the  Prandtl  number  and  at  high  Prandtl  number,  the  eigenvalues 
varied  inversely  with  the  Prandtl  number.  In  this  endnote,  we  will  see  whether  we 
can  obtain  the  purely  thermal  and  mechanical  limit  as  a function  of  Prandtl  number 
just  from  a scaling  argument.  To  do  this,  we  write  the  perturbed  equations  at  zero 
wave  number: 


dfxzi 

dx 


aPr§i  = 


d^^i 

dx^ 


+ fo  '''xzo 


"I  T ‘^fo'^xzo'^xzi 
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We  observe  that  in  the  limit  of  Pr  — )•  0 and  Pr  — > oo,  no  conclusions  can  be 
drawn  from  these  equations  about  whether  the  thermal  disturbances  dominate  or  the 
mechanical  disturbances  dominate.  However,  with  the  scaling  that  we  discussed  in 
the  endnote  of  chapter  2,  i.e.,  with  VJ-ef  = \ZC„ Tref  and  T^ef  = 1/5,  some  conclusions 
can  be  drawn  in  the  limit  of  Pr  — > 0 and  Pr  oo.  To  see  this,  we  first  write  the 
equations  of  motion  and  the  energy  in  the  base  state  in  the  new  scale  to  obtain 

Vo  = j fodx 


d'% 


+ Pr'^izo/o 


where  = A*o  ^ 

Before  we  proceed  to  discuss  the  perturbed  temperature  equations  in  this 
scaling,  we  might  be  interested  in  knowing  how  a curve  of  wall  speed  vs.  the  wall 
stress  curve  behaves  as  a function  of  the  Prandtl  number  in  this  scaling.  We  will  pick 
the  specific  case  of  an  exponential  fluidity  to  answer  this  question. 

In  this  scaling,  changing  the  Prandtl  number  is  tantamount  to  changing  the 
thermal  conductivity,  k.  As  Pr  0,  i.e.  k oo,  there  should  be  no  temperature 
variation  in  the  gap.  Hence,  there  should  be  no  viscosity  variation  in  the  gap  and 
consequently  we  should  recover  the  curve  for  the  constant  viscosity  problem.  How- 
ever, as  the  Prandtl  number  is  increased,  the  maximum  temperature  in  the  gap  gets 
higher.  Hence,  for  a fixed  wall  speed,  the  wall  stress  must  be  lower  as  the  Prandtl 
number  is  increased.  A curve  of  the  wall  speed  vs.  the  wall  stress  as  a function  of 
the  Prandtl  number  therefore  should  look  as  shown  in  figure  5.1. 

The  perturbed  equations  at  zero  wave  number  in  this  scaling  are 


PCTref 


L2 


df. 


Pref 


cru^i  = 


XZ\ 


dx 


pCy(jj-Qf  L 
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a6i 


d^Pi 

dx^ 


+ + 2Pr/or^zoP 


XZq  ‘ XZ\ 


(5.8) 


no 


Figure  5.1:  The  wall  speed  vs.  the  wall  stress  curve  as  a function  of  the  Prandtl 
number. 


Now,  to  scale  a^ef,  two  options  are  available,  one  based  on  the  viscous  time  scale  and 
the  second  based  on  the  thermal  time  scale. 

If  CTref  is  chosen  such  that  (Tref  = then  the  equations  become 


cIt 

• XZi 

dx 


^20  ^ 

(jPr0i  = + Pr/oV^^^^i  + 2Pr/or^zofj,^j  (5.10) 

On  the  other  hand,  if  (Tref  is  chosen  based  on  the  thermal  diffusivity,  i.e.  dref  = "c  ’ 
then  we  obtain 


^ * dXj;Zl 

— V,,  = 

Pr  dx‘ 


(5.11) 


^20  ^ 

+ 2Pr/oT,r2o'i'xzi  + Pr/o'Txzo^i  (5-12) 

We  will  consider  the  two  limiting  cases,  Pr  — > 0 and  Pr  ^ oo. 

The  limit  of  Pr  — >■  0 corresponds  to  the  thermal  conductivity  A:  — > oo.  There- 
fore, we  might  imagine  that  the  thermal  perturbations  die  out  instantaneously  and 


Ill 


hence  only  the  mechanical  disturbances  are  in  control.  Therefore,  we  will  substitute 
Pr  = 0 in  the  perturbed  equations  that  are  based  on  a viscous  time  scale.  We  then 
find  that  the  temperature  equation  with  = 0 at  the  boundaries  yields  only  the 
trivial  solution  and  that  the  problem  is  therefore  purely  mechanical.  Therefore  the 
conclusion  is  that  the  equations  scaled  based  on  a viscous  time  scale  provide  the 
expected  result  in  the  limit  of  Pr  0. 

The  limit  of  Pr  — >■  cxo  corresponds  to  the  thermal  conductivity  k ^ 0 which 
suggests  that  the  dominant  mode  of  decay  of  perturbations  is  thermal.  Therefore, 
we  will  put  Pr=oo  in  the  equations  arising  out  of  the  thermal  time  scale.  We  find 
from  the  equation  of  motion  that  as  Pr  oo,  fxzi  = constant.  Further,  if  we  assume 
constant  wall  stress  conditions,  then  f^zi  = 0.  The  temperature  equation  then  reduces 
to 

^2n 

= ^ + (5.13) 

which  is  identical  to  the  equation  that  determines  the  thermal  ignition  problem. 
However,  Vz^  is  not  equal  to  zero  but  related  to  the  6i  by  the  relation 

./o^  = /o  TxzA 

Therefore,  we  do  not  obtain  the  purely  thermal  problem  in  the  limit  of  Pr  — oo 
merely  from  a scaling  argument  even  though  the  perturbed  temperature  equation 
looks  identical  to  the  equation  for  thermal  ignition  problem. 

We  can  further  calculate  the  derivative  of  the  eigenvalues  with  respect  to  the 
Prandtl  number  in  this  scaling  too  and  check  to  see  whether  we  get  results  consistent 
with  the  results  from  our  earlier  scaling.  Before  we  go  on  to  do  this,  we  will  declare 
what  we  hold  fixed  in  doing  this  calculation:  it  is  the  wall  speed.  The  reason  for 
this  choice  is  that  for  a fixed  wall  speed,  there  is  a wall  stress  corresponding  to  any 
Prandtl  number  one  might  choose.  However,  for  a fixed  wall  stress,  there  is  a range  of 
Prandtl  numbers  over  which  there  are  no  physically  possible  solutions  of  wall  speed. 
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Therefore,  fixing  the  wall  speed  turns  out  out  to  be  the  most  logical  thing  to  do  in 

carrying  out  this  calculation. 

The  equations  in  this  scaling  in  operator  form  are 
d 
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(5.14) 


The  equations  then  can  be  cast  in  self-adjoint  form  by  multiplying  the  first  row  by 
two  and  dividing  the  third  row  by  the  Prandtl  number,  Pr.  The  resulting  equations 
in  self-adjoint  formulation  are 
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Pr  dx2 

Now,  the  above  equations  are  of  the  form 


Au  = crBu 


with  cr  being  real  as  we  have  concluded  that  the  operator  A is  self-adjoint.  Now 
differentiating  this  equation  with  respect  to  the  Prandtl  number,  we  obtain, 

• • 

Au  -f  Aii  = crBu  + aBii  -I-  ctBu 

where  the  ’ represents  differentiation  with  respect  to  the  Prandtl  number.  As  the 
operator  B is  independent  of  the  Prandtl  number,  B = 0.  Now,  taking  the  inner 
product  of  the  equation  Au  = crBu  with  ii  and  then  subtracting  the  result  from  the 
equation  obtained  by  taking  the  inner  product  of  the  A equation  with  u,  we  obtain 


< u,  Au  >=  d < u,  Bu  > 
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from  which 


< u,  Au  > 

< u,  Bu  > 


a = 


2 /-I  3^  [fo]  l^xzi  Pdx  + 4 J ^ [foT^zo 


•+i 


dPr 


fxziOidx  + 


-1 


d 


[foTxzo^]  \0i\‘^dx 


Pr  l^ipdx+2 \vzi\‘^dx 


Now,  recalling  that  an  increase  in  Prandtl  number  in  this  scaling  is  tanta- 
mount to  a decrease  in  the  thermal  conductivity,  we  can  assert  that  the  temperature 
in  the  gap  increases  with  an  increase  in  the  Prandtl  number,  i.e.,  [/o]  is  positive. 

Similarly,  we  can  assert  that  an  increase  in  Prandtl  number  makes  the  velocity  gra- 
dients sharper  and  hence  state  that  the  quantity  ^ [/oPrzo]>  where  JqTxzo  — is 
positive.  And  we  may  further  assert  that  the  viscous  dissipation  increases  with  an 
increase  in  the  Prandtl  number.  With  these  assertions,  we  can  predict  the  sign  of  d, 
if  the  sign  of  the  integral  J_ifxz^Oidx  is  known.  Now,  for  a general  case,  it  is  not 
possible  to  predict  the  sign  of  f_^  fxzi^idx.  However,  for  the  special  case  of  constant 
wall  stress  and  that  too  at  the  nose  of  the  curve,  wherein  a = 0 and  fxz^  = 0,  the 

1 /N 

integral  f_^TxziOidx  vanishes.  Therefore  a is  positive  there.  This  result  is  another 
way  of  stating  that  the  upper  branch  is  unstable  at  constant  stress.  To  see  this,  ob- 
serve that  in  this  scaling,  for  a fixed  wall  speed,  a slight  increase  in  Prandtl  number 
causes  the  nose  of  a curve  to  shift  to  an  upper  branch  of  a neighbouring  curve.  As  we 
have  concluded  that  at  a nose  a is  positive,  this  then  implies  that  the  upper  branch 
is  unstable. 

5.1.2  Rate  of  decay  of  Perturbations  for  various  combinations  of  Boundary  Conditions 


In  this  endnote,  we  will  consider  Couette  flow  with  a perfectly  conducting  bot- 
tom plate  and  an  adiabatic  top  plate.  With  this  combination  of  boundary  conditions 
on  temperature,  we  will  compare  the  largest  eigenvalue  for  the  following  cases: 


(a)  Constant  wall  stress  on  the  bottom  plate  and  constant  wall  speed  on  the 
top  plate. 
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Figure  5.2:  Schematic  of  plane  Couette  flow:  Constant  wall  stress  on  the  bottom 
plate  and  a constant  wall  speed  on  the  top  plate. 

• (b)  Constant  wall  speed  on  the  bottom  plate  and  constant  wall  stress  on  the 
top  plate. 


These  two  conditions  are  illustrated  in  figure  5.2  and  figure  5.3 

The  base  curve  for  both  the  cases  are  identical  as  the  base  state  is  determined 
purely  by  the  temperature  boundary  conditions.  Further,  for  both  the  cases  consid- 
ered, we  know  from  the  stability  results  in  the  last  chapter  that  the  lower  branch 
is  stable,  the  nose  is  a point  of  neutral  stability  and  the  upper  branch  is  unstable. 
Therefore,  the  change  in  the  boundary  conditions  between  these  two  cases  does  not 
alter  the  stability  results  qualitatively.  Only  the  actual  magnitude  of  the  eigenvalues 
are  different  between  these  two  cases  and  we  propose  to  explain  this  difference  from 
a physical  argument  in  this  endnote. 

Note  that  the  perturbed  shear  stress  f^zi  is  defined  as 


/oF 


d'O 


XZ\ 


dx 


,/o  '^xz()^\ 
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Figure  5.3:  Schematic  of  plane  Couette  flow:  Constant  wall  speed  on  the  bottom 
plate  and  a constant  wall  stress  on  the  top  plate. 

For  a constant  shear  stress  on  a boundary,  fxzi  is  zero  on  that  boundary  and  hence 
the  perturbed  velocity  and  temperature  on  the  plate  are  related  by  = /o  TxzqOi- 
We  will  use  this  result  as  we  go  along. 

We  will  first  present  the  numerical  results  that  compare  the  largest  eigenvalue 
for  these  two  cases  and  then  we  will  present  an  interpretation  for  the  results  obtained. 
Let  us  first  consider  a point  on  the  lower  branch  of  the  base  curve.  This  branch  is 
stable  for  both  the  boundary  conditions  and  the  focus  of  our  attention  is  therefore 
only  to  predict  the  difference  in  the  rate  of  decay  of  perturbations.  Table  5.1.2  shows 
the  numerical  values  of  the  largest  eigenvalue  for  various  Praridtl  numbers.  Before 
we  explain  the  results  note  that  in  case  (a),  a mechanical  disturbance  can  leak  only 
through  the  top  plate.  At  the  bottom  plate  r^zi  = 0 implies  = 0 as  here  6^  = 0. 
The  bottom  plate  is  therefore  adiabatic  to  momentum  in  case  (a).  In  case  (b)  however, 
%zi  = 0 on  the  top  plate  does  not  imply  = 0 as  there  6i  is  not  zero. 

Let  us  consider  the  limit  of  low  Prandtl  numbers  first.  At  low  values  of  the 
Prandtl  number  as  we  have  concluded  that  the  decay  of  disturbance  is  controlled  by 
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Table  5.3:  The  largest  eigenvalues  as  a function  of  the  Prandtl  number  on  the  lower 
branch. 


Pr 

o\  for  case  (a) 

(7i  for  case  (b) 

0.01 

-1.78 

-2.11 

0.1 

-1.75 

-2.09 

1.0 

-1.36 

-1.65 

10.0 

-2.19  X 10-* 

-2.21  xlO-* 

100.0 

-2.25  X 10-2 

-2.23  X 10-2 

1000.0 

-2.25  X 10-^ 

-2.23  X 10-5 

1 X 10'* 

-2.25  X 10-^ 

-2.23  X lO-'* 

1 X 10^ 

-2.25  X 10-5 

-2.23  X 10-5 

1 X 10^ 

-2.25  X 10-^ 

-2.23  X 10-^ 

1 X 10^ 

-2.25  X 10-*^ 

-2.23  X 10-® 

the  decay  of  mechanical  disturbances,  we  can  set  9\  = 0 under  the  assumption  that 
the  temperature  perturbations  decay  instantaneously.  Therefore,  we  obtain  = 0 
on  the  top  plate  for  case  (b).  Thus,  at  low  Prandtl  numbers,  we  have  in  case  (a),  the 
bottom  plate  is  adiabatic  to  momentum  and  in  case  (b),  the  top  plate  is  adiabatic  to 
momentum  and  the  decay  is  controlled  by  the  decay  of  mechanical  disturbances.  A 
perturbation  in  case  (a)  has  to  leak  through  the  top  plate  wherein  the  temperature 
is  the  highest  and  hence  the  viscosity  the  lowest.  Therefore,  a perturbation  in  case 
(a)  takes  a longer  time  to  decay  as  compared  to  a perturbation  in  case  (b)  and  this 
is  exactly  what  the  table  reports. 

At  high  Prandtl  numbers,  the  decay  is  dominated  by  the  decay  of  thermal 
disturbances.  As  both  the  cases  have  identical  boundary  conditions  on  temperature 
perturbations,  at  high  Prandtl  numbers  both  the  cases  should  have  nearly  the  same 
rate  of  decay  and  the  nearly  same  value  for  (Ti,  the  leading  eigenvalue  and  this  is 
what  the  table  reports. 

Next  we  will  turn  to  comparing  the  decay  of  perturbations  for  the  two  cases 
along  the  upper  branch.  Table  5.4  reports  the  largest  eigenvalue  along  the  upper 
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Table  5.4:  The  largest  eigenvalues  as  a function  of  the  Prandtl  number  on  the  upper 
branch 


Pr 

(Ji  for  case  (a) 

(7i  for  case  (b) 

0.01 

3.63  X 10-2 

3.66  X 10-1 

0.1 

3.63  X 10-2 

3.63  X 10-1 

1.0 

3.61  X 10-2 

3.34  X 10-4 

10 

3.34  X 10-^ 

2.02  X 10-1 

1 X 10^ 

2.08  X 10-2 

5.30  X 10-2 

1 X 10^ 

5.21  X 10-^ 

6.95  X 10-^ 

1 X 10^ 

6.42  X 10-4 

7.21  X 10-4 

1 X 10® 

6.58  X 10-® 

7.24  X 10-® 

1 X 10^ 

6.60  X 10-^ 

7.24  X 10-^ 

1 X lO'* 

6.60  X 10-® 

7.24  X 10-® 

branch.  The  largest  eigenvalue  is  positive  for  both  the  cases  indicating  that  pertur- 
bations grow  along  this  branch.  We  will  now  explain  the  difference  in  the  rate  of 
growth  along  this  branch. 

First,  consider  the  low  Prandtl  number  limit.  Even  in  this  limit  it  is  not 

/N 

correct  to  set  = 0 along  the  upper  branch  as  perturbations  grow  along  this  branch. 
Therefore  for  case  (b)  along  the  upper  branch  at  the  top  plate,  = /qTxzo^i  7^  0. 
Hence,  can  be  positive  or  negative  but  not  equal  to  zero  even  in  the  limit  of 
Pr  0.  Taking  to  be  positive,  if  > 0 on  the  top  plate  then  it  implies  that 

a momentum  perturbation  is  being  fed  from  the  boundaries  and  this  case  should  be 

(\v 

more  unstable  than  case  (a).  On  the  other  hand,  when  then  a perturbation 

is  being  consumed  at  the  top  plate  and  it  should  be  more  stable  than  case  (a).  The 
table  shows  that  at  low  Prandtl  number,  case  (b)  is  more  unstable  than  case  (a), 
i.e.  perturbations  grow  faster  in  case  (b)  suggesting  that  a momentum  perturbation 
might  be  fed  from  the  boundaries  in  case  (b).  Numerical  calculations  for  case  (b)  tell 

di) 

us  that  both  and  are  positive  at  the  top  plate  implying  that  this  is  indeed 
true.  Thus  at  low  Prandtl  number  case  (b)  is  more  stable  along  the  lower  branch  and 
more  unstable  along  the  upper  branch. 
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At  high  Prandtl  number,  the  decay  is  dominated  by  the  decay  of  the  thermal 
disturbances.  As  the  perturbed  temperature  boundary  conditions  are  the  same  in 
both  the  cases,  they  should  show  nearly  the  same  growth  rate  and  this  is  indeed 
what  the  numerical  results  show. 

5.1.3  The  Perturbed  Equation  in  the  Thermal  Ignition  problem 


Recall  that  the  base  equation  for  the  thermal  ignition  problem  in  a plane  vessel 


IS 


0 = 


Now,  the  perturbed  equation  (scaled)  for  the  ignition  problem  is 


o9\  = + 5‘^e^°6i 

ax‘^ 


(5.16) 


where  o is  the  scaled  growth  mode  (scaled  with  respect  to  L‘^/k,  where  k is  the  thermal 
diffusivity)  and  (3, 7 are  the  scaled  wave  numbers  in  the  y,  z directions  respectively. 
It  is  obvious  that  the  most  dangerous  disturbance  is  the  disturbance  of  zero  wave 
number,  i.e.  when  /?,  7 = 0,  as  incorporating  these  wave  numbers  only  facilitates  the 
heat  to  be  carried  away  by  diffusion.  The  equation  at  a zero  wave  number  disturbance 
is 

<701  = (5.17) 

It  is  possible  to  prove  that  the  lower  branch  is  stable  to  small  perturbations 
and  that  the  nose  is  a point  of  neutral  stability  using  a similar  approach  to  the  one 
we  undertook  while  performing  the  stability  calculation  at  constant  wall  stress.  It 
is  also  possible  to  prove  that  the  upper  branch  is  unstable  at  constant  wall  stress^. 
To  do  this,  differentiate  the  base  temperature  equation  of  the  ignition  problem  with 
respect  to  the  maximum  temperature  0o,„  to  obtain 


^This  proof  is  due  to  .Joseph  [3] 
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where  the  ’ represents  differentiation  with  respect  to  Now,  multiplying  this 

equation  with  respect  to  9i  and  integrating  the  result  over  —1  to  1,  we  obtain 


-j-j^idx  + / 6^e^°9o9idx  = 

• 1 dx  J_i 


Pe^°§idx 


^ • 

Similarly  multiplying  the  6*i  equation  with  9q  and  integrating  it  over  -1  to  1,  we  obtain 


a9i9odx  = J -~9Qdx -\-  J S‘^e^°9i9odx 


Subtracting  the  above  two  equations,  we  obtain. 


a e^°9idx 

6^  9i9odx 


From  this  equation,  we  can  conclude  that  a is  positive  on  the  upper  branch  as  is 

negative  on  the  upper  branch  and  all  the  quantities  in  this  equation  are  singly  signed. 
5.1.4  Comparison  of  the  Perturbed  Temperature  Equations:  Ignition  vs.  Couette 


In  chapter  2,  we  compared  the  base  temperature  equation  in  the  Couette  flow 
to  the  base  equation  in  the  ignition  problem.  Similarly  the  perturbed  equation  in 
the  ignition  problem  can  be  compared  with  the  perturbed  temperature  equation  in 
the  Couette  flow  problem.  For  an  exponential  fluidity  dependence,  the  perturbed 
temperature  equation  is 


r\2n 

(jPr0i  = + t‘^  + 2c^^t  t 

^ dx^  ^ 'xzq/xzi 


(5.18) 


Now,  comparing  this  equation  with  the  perturbed  equation  in  the  thermal  ignition 
problem,  we  And  that  there  is  an  additional  parameter,  the  Prandtl  number  and  an 
additional  variable,  the  perturbed  shear  stress,  f^zi  in  this  equation.  For  the  case 
of  constant  wall  stress,  at  the  nose  of  the  curve,  wherein  cr  = 0 and  hence  fxz^  — 0, 
this  equation  looks  identical  to  the  perturbed  temperature  equation  for  the  ignition 
problem.  Everywhere  else  along  the  base  curve,  even  though  the  stability  behavior 
of  the  two  problems  match  qualitatively,  with  the  lower  branch  being  stable  and 
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the  upper  branch  being  unstable,  the  actual  dynamics  of  the  Couette  flow  problem 
is  different  from  the  dynamics  of  the  ignition  problem.  However,  Joseph,  in  his 
paper,  assumed  that  the  perturbed  temperature  equation  in  the  ignition  problem  is 
a model  for  the  Couette  flow  problem  everywhere  along  the  base  curve.  And  based 
on  the  perturbed  temperature  equation  in  the  Ignition  problem,  he  concluded  that  in 
Couette  flow  too,  the  nose  is  a neutral  point  and  the  upper  branch  is  unstable.  There 
are  two  important  points  to  be  made  clear  about  Joseph’s  stability  calculations  and 
results:  (i)  Joseph’s  stability  result  at  constant  wall  stress  is  qualitatively  correct, 
even  though  it  is  based  on  an  approximation  to  the  actual  model,  (ii)  Joseph  never 
studied  the  stability  at  constant  wall  speed.  The  entire  base  curve  is  stable  at  constant 
wall  speed.  In  this  case,  even  at  the  nose,  the  perturbed  temperature  equation  in 
Couette  flow  problem  does  not  look  identical  to  the  perturbed  temperature  equation 
in  the  thermal  ignition  problem.  Therefore,  even  that  connection  to  the  thermal 
ignition  problem  is  lost  when  the  boundary  condition  is  changed  from  constant  wall 
stress  to  constant  wall  speed. 


CHAPTER  6 

THE  STABILITY  EOR  NON-ZERO  WAVE  NUMBER  DISTURBANCES 


In  this  chapter,  we  will  discuss  the  stability  of  Couette  flow  to  non-zero  wave 
number  disturbances.  The  reason  for  doing  this  is  to  check  whether  the  stability 
results  that  we  obtained  for  a zero  wave  number  disturbance  are  altered  when  that 
restriction  is  relaxed.  But,  before  we  proceed  to  discuss  the  non-zero  wave  number 
equations  and  their  stability  in  detail,  let  us  make  a few  observations  about  how  the 
structure  of  the  perturbed  equations  get  modified  when  the  restriction  of  a zero  wave 
number  disturbance  is  relaxed. 

• Eor  a disturbance  of  zero  wave  number,  all  the  terms  arising  out  of  the  pertur- 
bation of  v.Vv  turn  out  be  equal  to  zero.  Hence  there  is  no  possibility  of  an 
inertial  instability.  However,  for  a general  class  of  disturbance  which  we  will 
discuss  in  this  chapter,  the  terms  arising  from  the  perturbation  of  v.Vv  do  not 
vanish  and  could  therefore,  contribute  to  an  inertial  instability. 

• Eor  a perturbation  of  zero  wave  number,  the  perturbed  velocity  is  zero  and 
flyj  does  not  enter  the  problem  at  all.  Hence,  the  only  possibility  for  a new  flow 
to  emerge  is  again  in  the  same  direction  as  that  of  the  base  flow,  i.e.  in  the  ^ 
direction.  However,  for  a non-zero  wave  number  disturbance,  ,Vy^  7^  0 and 
we  might  therefore  have  flows  emerging  in  the  x,  y directions. 

• At  zero  wave  number  all  the  terms  that  facilitate  the  diffusion  in  the  axial (2:) 
and  in  the  neutral  [y)  direction  are  zero.  By  admitting  a non-zero  wave  num- 
ber disturbance,  we  incorporate  these  effects  which  are  stabilizing.  Therefore, 
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we  have  added  on  the  one  hand  the  convective  terms  which  could  produce  in- 
stability and  on  the  other  hand,  the  diffusion  terms  which  are  stabilizing  and 
consequently  the  stability  of  the  flow  is  determined  by  whether  the  diffusion 
terms  dominate  or  whether  the  convective  terms  dominate. 


Now,  substituting 


^Xi 


V 


z\ 


Ti 


(6.1) 


and  /Ti  = -j^Ti  where  [3  is  the  wave  number  in  the  y direction  and  7 is  the  wave 


dTr 


0 


number  in  the  z direction,  into  the  perturbed  equations  of  continuity,  motion  and 
energy,  viz. 


V.vi  = 0 


(6.2) 


5vi  , 

p-^  + pvi.Vvo  + pvQ.Vvi  = -Vpi  -h  2Vpo-A  + 2po  VTi.Dq 

+2//0  VTq.ZIo  + PoV^Vi  -|-  fit)  TiV^Vq 


(6.3) 


dT 

pCy—^  I"  pCyVi-WTo  -|-  pCyVo-^Ti  = A)V^Tj  -|-  4poD()  : D\  -I-  2/io  TiDq  : Dq  (6.4) 
where  po  — dp(To)/To,  we  obtain  from  the  equation  of  continuity 


dv 


XI 


dx 


-I-  i(3vy^  q-  i'^Vzi  — 0 


(6.5) 


and  from  the  equations  of  motion 


piov^z^d-iyVz^Vx,)  = - 


#1  , 0‘^^oclwxi  , . / dpo 

+ 2,— ; h Z7 


dx  dx  dx 
d^i) 


dTo 


rp 

dx 


+P-0 


'XI 


O 'JL  2 ^ 

P -yxi  - 7 


dx^ 


(6.6) 
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p{aVy^^-i'^v^^Vy^)  = -i(3pi  + 


dpo 

dx 


dv 


yi 


dx 


+ il3vx. 


d-po 


dH 


- l^v 


dx^ 


'2/1 


2/1 


(6.7) 


dv 


zo 


p ( av^,  + I'yVz^Vz^  + 


• /V 


= -*7Pi  + 


dpo 

dx 


dx 


2l 


dx 


+ i-yvx, 


+ 


dx 


d-P'O 


d^ 


V 


zi 


dx^ 


/q2  ^ 2 ^ 

- (3  v^,  -j  V 


zi 


dpo  \ rf.  dXzo 


dTo 


dx 


(6.8) 


and  from  the  energy  equation 


pCv 


'■  dTn 

crTi  +Vx,—  + ijv^^Ti 


= k 


d^Ti  - 9 - 

^ - /l^Ti  - 7'Ti 


^ dx.„ 

+2po— — 

dx 


dx 


21 


dx 


+ h^xi 


d/Xn  m 

+ t^Ti 


dx 


20 


dT, 


0 


dx 


2 

(6.9) 


Now,  to  scale  these  equations,  we  introduce  the  following  variables: 


X 


= x/L. 


o — o 

'^xi  ~ '*^xi/href) 


^1/1  = 


Wyi/v; 


ref 


A * 

'«2:  = 


^zi/Kef, 


= ti/Tref. 


/^O  — Po/  Preii 


to  get 


d'?)* 

+ i{!^L)K^  + i(7L)x 


dx 


* 

Zl 


0 


(6.10) 


p ((7refKef(T*x;,  + i7Kef<^xi)  = “ 


L dx* 


dx*  dx* 


+i{'^L)Ky 


d^S  ^ Q*  dx^^ 


d^S 


dx’ 


d^x* 

X\ 

dx*^ 


- (HLf - (7i) 


2 if. 


(6.11) 
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= -tPPrefPl+K, 


dp*o 

d.x* 


dD* 

^ + . m .• 


Xl 


+Kv!j*q 


d- 


dx^ 


^ - {pLf  - (jL) 


2 


* 

^3/1 


(6.12) 


p I arefVWa*!);  + ^7V;ef<^^:.  + 


-i'yPreiPi 


+K 


dp 


V 


dx’ 


dx 


Zi 


dx’ 


+ i (jL)  V 


* 

Xl 


+KvPo 


+ K 

d^ 


d 


dx’ 


<^P*0  \ n*  ^<0 


ddl 


e\ 


dx’ 


f - (HLf  - (7i) 


dx* 
2 

V 


21 


(6.13) 


pCy 


arefT,ef(7*0t  + V,,iZ,fLvl  ^ 


dx' 


+Kt  \ -ipmi  - {jiyei  \ + 2Kypi 


d'u 


Zo 


dx’ 


df) 


Zi 


d.x’ 


+ i{jL)v 


* 

Xl 


K 


d‘^§l 


T 


dx’ 


+ ^v~6i 

dO^ 


dx’* 


1 2 

:6.i4) 


/^ref^d'6f 

where  K„  = and  Kt  = — are  the  scaling  constants.  Now,  dividing 


L2 


L2 


the  equations  of  motion  by  energy  equation  by  —7^  and  choosing 


L2 


L2 


/^rcf 

Kpf  = — z — ,aref  = Pref /pL^  aiid  further  employing  the  choice  of  Kef,  Kef  based 


L 


y 

on  the  scales  used  in  the  base  state,  i.e.,  using  the  scaling  //ref  = Pw,  Kef  — l/S  and 
Kef  = \/ (k/Sp-w),  the  equations  become 


dx 


+ i{pL)v;^  + t{jL)v:^  = 0 


(6.15) 


a*vy  + i{^L)Revlv 


* 

Xl 


dx 


+/^o 


dx’*  dx’* 


d^ 


V 


Xl 


(IJLf  K,  - Wv- 


tie; 


e; 


. do; 


dx’ 


dx’ 


(6.16) 


a*v*^  + /(7L)Rex;„Ki  = + 


* 

20  ^yi 


dx’* 


dt)’*, 


* 

Xl 


+/^o 


dx’ 


-{(3Lfv;^-i'yLyv;^ 


+ ^(7^)Rex;K^  + Re 


-V 

dx* 


• ^5 


■/7Pi  + 


dp 


dx’ 


+ 


dx’ 


\ /5* 


dei 


e\ 


dx’ 


I * 

+ Po 


d^ 


V 


2l 


dx’* 


- mfK  - (iL)‘v 


+ i (jL)  ti; 


dx’ 


2 7* 

21 


(6.17) 


125 


d^n 

a*Pr0:  + RePm*  ° 


dx* 


+ i{jL)RePrvlJl  = 


+ 


d^o 


(f§l 

dx*^ 


- m^ei  - {^LY91 


2n* 


-I  2 


dx^ 


+ 2fi*^ 

“dx* 


du 


21 


dx’ 


+ i{jL)v 


* 

XI 


(6.18) 


dv 


Introducing  ^’^d  rewriting  7L  = 7 and  (3L  = we  obtain 


dx 


dv* 

+ ipv;^  + i7<  = 0 


(6.19) 


a*v*^  + i^Revl^v* 


XI 


dx*  dx*  dx* 


* 

Xi 


+ i^T 


XZq 


+9’0 


d2 


V 


Xl 


dx’ 


(3‘^v* 


Xl 


2 ^ * 
7 V 


Xl 


dgg 


61 


(6.20) 


a*v*^  + nRex^^r);;^  = -iRp^  + 


1’* 

2o~yi 


d/^S 

dx”* 


dx 


yi 


dx’ 


+ ij3v 


Xl 


+A*o 


d^x 


dx’ 


?/l 

^ yi 


2 * 
7 


2/1 


(6.21) 


a*vl^  + nRex^^x*,  + Re 


dx 


2^0  r-.* 


20  21 


+T. 


XZO 


dx’ 


dx 

dgp 

6*0 


, Vxi  = -*7Pi  + 


d/i 


dx’ 


dx* 

Z\  I • * 


T* 


■■d^x* 


I * 

+ 60 


zi  /o2  ^ * 2 ^ * 

- (3  v.-j  V 


dx’ 


21 


2l 


(6.22) 


dO* 

a*Rr:§l  + RePrx*,  + ^RePrx*  = 


dx’ 


(f§l 

dx*^ 


- (3^91  - 7^0* 


2 a* 


df.1 


+T, 


.2  de 


XZq  * 

60 


jOl  + 


dx* 

Z\  I • ^ 

TT  + *7'y 
clx* 


Xl 


(6.23) 


Now,  to  inquire  about  the  stability  of  these  equations  for  any  given  point  on 
the  base  curve,  we  have  to  calculate  the  eigenvalues  a for  an  input  Re,  Pr,  7,  (3.  If 
the  real  part  of  a is  negative,  then  the  flow  is  stable  to  small  perturbations  for  this 
combination  of  parameter  values.  On  the  other  hand,  if  the  real  part  of  a is  positive. 


then  the  flow  is  unstable. 
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For  constant  viscosity  plane  Couette  flow,  Squire’s  transformation,  which 
translates  the  three  dimensional  problem  into  an  equivalent  two  dimensional  prob- 
lem, is  possible.  Using  this  transformation  it  can  be  demonstrated  that  for  the  case 
of  isoviscous  plane  Couette  flow  two  dimensional  disturbances  are  the  most  danger- 
ous. Therefore  an  argument  can  be  made  to  prove  that  it  is  indeed  sufficient  to  look 
at  the  stability  of  the  flow  for  two  dimensional  disturbances.  However  for  Couette 
flow  with  viscous  dissipaton  and  a temperature-dependent  viscosity,  we  are  unable 
to  get  a Squires’s  transformation.  This  implies  that  we  have  to  look  at  the  stability 
of  the  complete  three  dimensional  problem.  But  this  is  not  what  we  propose  to  do. 
Instead,  we  assert  that  even  in  this  case,  the  2D  disturbances  are  the  most  dangerous 
and  hence  we  look  into  the  two  dimensional  problem  in  x and  ^ setting  Vy^  = 0 and 
/?  = 0.  With  this  simplification,  the  perturbed  equations  after  dropping  the  * look 
as  follows 

^ + i'yv,^  = 0 (6.24) 


crvxi  + ijRev^^Vxi 


dpi 

da; 


+ 2 


dpo  duxi 
da:  dx 


+ ijTxzo 


(6.25) 


aijzi  -I-  ijReVz^Vz.  + Re 


dn 


20 


• /V 


Vxi  = + 


dp 


0 


dx  ^ 


dx 


+T. 


XZO 


dx 


■ / d/10  \ 1 

d.o 

+ Po 

\Po  J 

L 

dx 

dH 


Zi 


dx^ 


+ ?'7Wi 


2 - 

7 Vz, 


(6.26) 


dP 


0 


crPr^i  -I-  RePrXxi  h iRePryx^Q^i  = 


j2/3  4m 

^ M deo  n 


XZQ  2 


“1“27'. 


XZO 


dx 


21 


dx 


+ «7Wi 


(6.27) 


where  7L  has  been  redefined  as  7.  Hence  forth,  we  will  be  interested  only  in  expo- 


nential fluidity  as  the  experiments  in  this  study  were  performed  for  liquids  with  an 
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exponential  dependence  of  fluidity  on  temperature.  Substituting  po  = ~ 

in  the  above  equations,  we  obtain 


duxi 

da: 


+ 


(6.28) 


(^Vxi  + hRev^^Vx^  = 


dpi  ^dpo  dr)^,^ 

da;  dx  dx 


i'yTxzn^x 


+/*o 


'XI 


dx^ 


2 - 

7 Wxi 


(6.29) 


crUz,  + z7ReXz„D2.  + Re 


du 


20 


dx 


t; 


• ^ 


XI 


-iJPi  + 


dpo 

dx 


du 


Zl 


~7r2o^l  + 1^0 


dx 


2l 


dx^ 


+ hvx. 


2 - 

7 Vz, 


(6.30) 


d0, 


0 


crPr^i  + RePrDxi-^^ 1-  iRePr7U2j,0i 


j2fl 

^ 0/2/3  4.  1-2  dffo  n 

- 7 (^1  + 


dx'2 


a;2o  ,,2 

P'0 


“|“2t. 


dr) 


21 


• ^ 


xzo 


dx 


+ *7^X1 


(6.31) 


with  the  boundary  conditions 

6i{x  = ±1)  = 0,  Vzi  = Vxi  = 0 at  X = —1,  = Vxi  = 0 at  x = +1 

if  the  wall  speed  is  held  fixed  at  x = 1 and 


“■  ^ = 0 at  X = +1 


^i(x  = ±1)  = 0,  = Vxi  = 0 at  X = — 1,  Vxi  = 

if  the  wall  stress  is  held  fixed  ^ at  x = +1 

Before  inspecting  the  stability  of  the  above  equations  in  general,  we  will  see 
whether  we  can  get  some  results  without  a numerical  calculation,  at  least  in  some 
limiting  cases  as  this  will  help  us  in  anticipating  the  stability  behavior  for  a general 
set  of  parameters.  We  will  therefore  try  to  obtain  analytically: 


• The  rate  of  change  of  the  eigenvalues  with  respect  to  the  wave  number  7 in  the 

limit  of  zero  wave  number,  i.e  — L=o-  As  we  know  how  the  eigenvalues  behave 

d7 

^The  pointwise  boundary  condition  for  wall  stress,  = 0 at  x = -M,  actually  is  an  approxi- 
mation  to  the  actual  boundary  condition  at  constant  wall  stress  which  is  an  integral  condition.  A 
detailed  discussion  about  this  is  provided  in  an  endnote 
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at  zero  wave  number,  performing  this  calculation  will  help  us  in  anticipating 
the  stability  behavior  when  the  wave  number  is  changed  slightl)^  from  zero. 


• The  stability  of  the  flow  at  Pr  = 0.  We  know  that  for  a perturbation  of  zero 
wave  number,  the  limit  Pr  = 0 corresponds  to  a purely  mechanical  problem 
as  the  thermal  disturbances  die  out  instantaneously.  Assuming  the  same  to  be 
true  even  for  non-zero  wave  number  disturbances,  we  will  see  whether  we  are 
able  to  get  the  stability  results  in  this  limit. 


Turning  first  to  the  analysis  of  the  stability  of  the  flow  for  small  wave  number 


disturbances,  we  proceed  to  get 


da 

dy 


\T- 


:Q.  This  term  will  tell  us  about  the  stability 


behavior  of  the  flow  for  a slightly  non  zero  wave  number  disturbance  as 


O’^y  — <^7=0 


T- 


dcT 

C17 


I7 


=o7 


up  to  0(7^).  Now,  let  . denote  differentiation  with  respect  to  the  wave  number  7. 
Differentiating  the  perturbed  equations  with  respect  to  the  wave  number,  we  obtain 


df) 


XI 


d.-r 


-f  + iv^,  = 0 


(6.32) 


+ crfijj  -j-  iRen^oWi  + = - 


#1  ^d^iodvj,^ 


~W'^X2o^l  ~ 


dH 


Xi 


dx'^ 


dx 


2 - 
7 


d.T  dx 


27W1 


(6.33) 


• a 

-I-  -I-  zyRen^ofi^j  + + Re 


dn 


20 


dx 


• ^ 


IPI  - 


dpo 

dx 


di) 


dx 


-I-  iuj,,  -I- 


r. 


XZQ 


d^i 

dx 


+/^o 


d^ 


V 


2l 


dx^ 


- yWzi  - 27!) 


2l 


(6.34) 


d^n  • ^ d^0i 

crPr^i  -I-  dPr^i  -|-  RePr-; — -\-  zyRePrUz^^j  -|-  iRePrUz^^i  = 


dx 


d£o 
.2  d^o 


—7  61  — 2y0i  -I-  + 2txzq 

1^0 


d'fi 


Zi 


dx 


dx^ 


zyfixi  + ivxi 


(6.35) 
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with  the  following  boundary  conditions: 


= ±1)  = = ±1)  = 0,^i(a:  = ±1)  = 0 


if  the  wall  speed  is  held  fixed  and 


dfi 


dx 


(x  = 1)  = 0,i)2^{x  = —1)  = 0,Vxi{x  = ±1)  = O,0i(a:  = ±1)  = 0 


if  the  wall  stress  is  held  fixed. 

As  we  are  interested  in  calculating  a in  the  limit  of  a zero  wave  number 
disturbance,  we  put  7 = 0 in  the  above  equations.  Recall  that  at  zero  wave  number 
fijj  = 0 from  the  equation  of  continuity  and  ^ = 0 from  the  x component  of  the 
equation  of  motion.  This  then  implies  that  pi  is  a constant.  In  fact,  as  we  know  that 
all  the  eigenfunctions  at  zero  wave  number  must  be  reaF,  p\  must  be  a real  constant. 
For  this  analysis,  we  will  choose  this  constant  to  be  zero.  Any  non-zero  pi  will  not 
change  our  result  qualitatively. 

The  2 component  of  the  equation  of  motion  and  the  energy  equation  at  zero 
wave  number  are 


d2 


V. 


av 


d0i 


Zl 


^ d^d^  _ 

dx"^  dx  d.r  dx 


(6.36) 


d^e 


d/io 


dv 


21 


dx^ 


XZO  ,,2 

PO 


XZo 


dx 


(6.37) 


I • • • /V 

and  putting  7 = 0,  = 0,  pi  = 0 in  the  equations  for  Vx^ , Vzi  and  0i  we  obtain 


df) 


XI 


dx 


— IV 


z\ 


(6.38) 


(yvx,  = 


• • 

dpj  d/xo  dt); 


d‘^ 


V. 


dx 


I r)  r'-'  X\  . /}  1 

+ 2—:  ^ lTxzo0\  + Po 


dx  dx 


dx^ 


(6.39) 


avzi  + -I-  xReCjof'^i  + = ^0 


d^Vzi  d/^o  dv^^  _ ^ 

dx^  dx  dx  dx 


(6.40) 


^Observe  that  in  the  equation  at  zero  wave  number  Au  = crBu,  a is  real  and  both  the  operators 
A and  B are  real.  Therefore  u must  be  real. 
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d/to  . 


crPr^i  + aPr^i  + RePr^^i^Dj-j  + iRePrw^p^i  = 


dx 


xzo  ,,2 

H'O 


dV; 


^1  + Txzn  , ^ (6-41) 


cIr 


where  t^zq  = Now  multiply  the  9i  equation  with  6i  and  integrate  over  -1  to  1 

* 

and  subtract  it  from  the  temperature  equation  at  zero  wave  number  multiplied  with 


9i  and  integrated  over  -1  to  1 to  obtain 

' d0o  / 

.1 


dPr  / ^jdx  + RePr  / + iRePr 


Vz^9\dx 


-1 


-1 


= 2t 


xzo 


^ dVz, 

pi  — 


•/-i 


dx 


dx 


0i 


da; 


(6.42) 


Similarly,  multiply  the  equation  for  with  and  integrate  it  over  -1  to  1 
and  then  subtract  it  from  the  velocity  equation  at  zero  wave  number  multiplied  by 
Vz^  and  integrated  over  -1  to  1 to  obtain 

a I v‘t.dx  + Re  / -r^Vj,^6idx  + iRe  I v^^v‘^Ax 


Zi 


1 


_i  dx 


= —T 


XZo 


1 


d6>i 
1 I dx 


-1 

d^i. 


Zo  Z\ 


- —'^zi 


dx 


dx 


(6.43) 


Integrating  the  right  hand  side  of  the  above  equation  by  parts,  we  obtain 


a 


1 dx  • - 

v^^dx  + Re  I -T^Vx^Oidx  + iRe  I Xr.x?,dx 


Zl 


1 


_i  dx 


xzo 


1 


-1 


-1 


Zo  ^Zi 


da: 


da: 


9, 


da; 


(6.44) 


It  should  be  noted  that  these  results  are  obtained  irrespective  of  whether  the  bound- 
ary condition  is  constant  wall  speed  or  constant  wall  stress.  Now,  multiplying  the 
above  equation  by  two  and  adding  it  to  the  equation  for  9j  , we  get 

1 r-l 


a 


2 / vl^  d.x  + Pr  J 9^dx 


-Re 


H“zRe 


2 / —d^^Vz,dx  + Pr  ^ ' 


_i  dx 
1 


-1 


VzQ  dx  + Pr 


_i  dx 
Vzo9\dx 


VxiG\dx 


-1 


(6.45) 


Therefore, 


a 


—Re 

[//*'  (^d:r'’«+P''dx''')H 

+ iRe 

f ^zo  + Pr^?)  da; 

rl  rl  V’ 

,46) 


vl^dx  + Fx  / ^jda: 

-1  a-i 
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where  in  the  limit  of  7 = 0 is  obtained  from  the  equation 

/^  — X 

(6.47) 

Now,  as  all  the  eigenfunctions  at  the  zero  wave  number  should  be  real,  the  equation 

for  a tells  us  that  it  is  purely  imaginary^.  Now,  the  a equation  tells  us  that  for 

an  infinitesimal  change  in  the  wave  number  from  zero,  the  eigenvalues  develop  a 

purely  oscillatory  component.  This  result  is  interesting  because  earlier  for  a zero 

wave  number  disturbance  we  concluded  that  the  eigenvalues  are  real.  Now,  for  a 

small  change  in  the  wave  number  from  zero,  the  real  part  of  the  eigenvalue  does  not 

change  but  there  is  an  addition  of  an  oscillatory  component.  As  this  result  is  valid 

both  at  constant  wall  speed  and  at  constant  wall  stress,  it  leads  to  a curious  situation 

at  the  nose  of  the  curve.  For  a perturbation  of  zero  wave  number  at  constant  wall 

stress,  the  nose  of  the  curve  is  a point  of  neutral  stability  {a  — 0).  Now,  from  this 

result  for  an  infinitesimal  wave  number  disturbance,  the  nose  becomes  a point  of 

Hopf  bifurcation,  i.e  cr  = 0 + ib,  where  b is  some  real  constant.  This  result  makes 

us  restate  our  stability  result  at  the  nose  for  constant  wall  stress:  For  an  arbitrary 

disturbance,  the  system  evolves  to  a new  flow  and  this  flow  might  be  either  steady 

or  oscillatory  depending  on  the  wave  number  at  which  the  base  flow  goes  unstable. 

If  the  base  flow  goes  unstable  to  7 = 0,  then  the  emerging  flow  is  steady  and  if  the 

base  flow  goes  unstable  to  small  wave  numbers,  then  the  emerging  flow  is  oscillatory. 

Next,  we  will  turn  to  the  analysis  of  the  perturbed  equations  in  the  limit  of 

Pr  =:  0.  It  turns  out  that  under  the  assumption  that  0 in  the  limit  of  Pr  = 0, 

the  resulting  equations  are  identical  to  the  Orr-Sommerfield  equation  for  a variable 

viscosity  fluid.  To  see  this,  we  will  introduce  the  stream  function  which  satisfies 

the  equation  of  continuity  such  that  = ^7'0i-  The  x and  z 

^Observe  that  this  result  is  not  due  to  the  effect  of  viscosity-temperature  coupling.  It  can  be 
observed  even  at  constant  viscosity. 


132 


components  of  the  equation  of  motion  combine  to  give 
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and  the  energy  equation  yields 
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with  the  boundary  conditions 

^i(x  = ±1)  = 0,  -01  = ^ = 0 at  X = -1,  V = ^ = 0 at  X = +1 
if  the  wall  speed  is  held  fixed  at  x = 1 and 


^i(x  = ±1)  = 0,  V = # = 0 at  X = -1,  01 


— 0 at  X — +1 


if  the  wall  stress  is  held  fixed  at  x = +1. 


Now,  in  the  limit  of  Pr  = 0,  we  anticipate  the  mechanical  disturbances  to  be 
dominant.  This  is  based  purely  on  our  results  at  zero  wave  number.  Therefore,  we 

/N 

will  put  ^1  = 0 in  these  equations  to  obtain^ 
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Note  that  this  equation  is  indeed  the  Orr-Sommerfield  equation  for  a viscous  fluid 
with  an  arbitrary  viscosity  variation.  Now,  based  on  this  equation  if  we  can  predict 
whether  the  flow  is  stable  or  not,  then  we  can  later  explore  the  role  of  Prandtl 
number  and  how  it  alters  the  stability  results  by  admitting  finite  Prandtl  numbers 
in  the  analysis.  The  limit  of  Pr  — > 0 therefore  provides  us  with  a convenient  starting 

point  to  think  about  the  stability  of  this  complicated  problem. 

Similarly,  one  might  look  at  the  purely  thermal  problem  by  putting  ijji  = 0 even  though  phys- 
ically it  is  not  possible  to  say  what  limit  it  corresponds  to.  It  can  be  easily  seen  using  an  energy 
argument  that  under  this  limit,  the  flow  is  stable. 
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To  find  out  the  sign  of  cr,  multiply  this  equation  by  where  is  the  complex 
conjugate  of  ipi  to  obtain 
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Therefore,  the  real  part  of  a is  given  by 

' + 27^//o 


Real(cr)  = 


- !-l  { 


dx^ 


dVi 

dx 


"+(7Vo  + 7"!g? 


dx 


+1 


A 


dVi 

dx 


+ 7- 


dx 


(6.52) 


+ 


Real(i7i?e/_^  x^o^0idx) 


(6.53) 


and  the  imaginary  part  of  a is  given  by' 
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The  real  part  of  a is  negative  unless  there  is  a positive  contribution  from 
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In  fact,  even  if  there  is  a positive  contribution  from  this  term,  it  might  turn  out  that 

the  flow  is  still  stable.  Without  performing  a numerical  calculation  this  is  as  far  as  we 

^An  observation  is  worth  mentioning  here:  Lord  Rayleigh’s  inflexion  point  theorem  for  inviscid 
fluids  states  that  for  an  inviscid  liquid,  a necessary  condition  for  instability  is  for  the  velocity  profile 

to  have  an  inflexion  point  in  the  gap,  i.e.  should  change  sign  somewhere  in  the  interior.  If  one 


V 

were  to  extend  the  inflexion  point  theorem  to  viscous  fluids,  one  would  expect  the  term  . to 


be  important  in  determining  the  stability  of  the  flow.  However,  observe  from  the  energy  argument 

d^v 

that  the  term  with  is  only  in  the  imaginary  part  of  cr.  Simply  based  on  this  observation,  we 

may  conclude  that  an  inflexion  point  may  not  be  necessary  for  an  instability  in  viscous  shear  flows. 
More  about  this  point  will  be  discussed  in  an  endnote. 
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can  go.  Now,  it  is  well  known  from  numerical  calculations  in  the  past  literature[10] 
that  for  constant  viscosity  plane  Couette  flow,  wherein  Vz^  is  a linear  function  of 
X,  the  Orr-Sommerfield  equations  predict  stability  for  all  finite  Reynolds  number  at 
constant  wall  speed.  For  constant  viscosity  plane  Poiseulle  flow,  wherein  Vz^  is  a 
quadratic  function  of  x,  the  critical  Reynolds  number  at  the  onset  of  instability  is 
5772  and  the  corresponding  wave  number  7 is  1.02[10].  The  mechanism  by  which 
an  instability  sets  in  Poiseulle  flow  has  not  been  clearly  explained  in  literature,  even 
though  it  is  attributed  to  the  gradients  in  base  flow  interacting  with  the  perturbations. 
Notice  that,  in  the  constant  viscosity  plane  Couette  flow,  the  gradient  in  velocity  is 
a constant  everywhere  across  the  gap  and  in  constant  viscosity  plane  Poiseulle  flow, 
the  gradient  in  velocity  is  maximum  at  the  wall  and  zero  at  the  centre.  Now,  with  a 
viscosity  dependence  on  temperature,  the  velocity  gradient  in  plane  Couette  flow  is 
given  by  = foT^zo-  Therefore,  for  a given  value  of  shear  stress  t^zq,  the  maximum 
velocity  gradient  is  given  by  = fo^r^zo  where  fo^  is  the  fluidity  at  the  maximum 

temperature.  Now,  the  ratio  of  the  value  of  /o^  in  the  upper  branch  vs.  the  lower 
branch  for  a scaled  t^zo  = 0.15  is  about  1500.  This  gives  an  idea  of  the  steepness 
in  velocity  gradient  introduced  by  the  viscosity  variation  of  temperature.  Therefore, 
we  would  presume  that  along  the  upper  branch  where  the  velocity  gradients  are 
sharper,  there  is  more  possibility  for  the  instability  to  set  in  if  we  believe  that  a 
sharper  gradient  in  the  velocity  profile  might  lead  to  an  instability.  While  all  of 
these  suppositions  are  interesting,  if  our  objective  is  to  understand  the  reasons  for  an 
instability  at  non-zero  wave  number,  our  primary  interest  in  this  chapter  is  to  find 
out  whether  the  conclusions  drawn  from  our  stabilitv  results  at  a zero  wave  number 
disturbance  are  modified  when  a non-zero  wave  number  disturbance  is  imposed.  We 


will  therefore  check  this  by  performing  a stability  calculation  for  a non-zero  wave 
number  disturbance.  To  be  concrete,  we  will  choose  the  properties  of  the  liquid  that 
will  used  in  the  experiments  for  the  numerical  calculation. 
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For  numerically  calculating  the  eigenvalues  for  a general  set  of  parameters, 
the  equations  in  the  stream  function  formulation 
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with  the  boundary  conditions 


9i{x  = ±1)  = 0,  '01  = ^ = 0 at  X = -1,  '01  = ^ = 0 at  X = +1 
if  the  wall  speed  is  held  fixed  at  x = 1 and 


(6.57) 


01  (x  = ±1)  = 0,  01  = ^ 0 at  X = -1,  01  = ^ = 0 at  X = +1 

if  the  wall  stress  is  held  fixed  at  x = +1  are  finite  differenced.  A central  scheme 
is  employed  for  the  finite  differencing.  Using  this  scheme,  the  infinite  dimensional 
differential  equations  are  truncated  to  a finite  dimensional  system  of  equations.  The 


equations  that  result  can  be  cast  in  the  form  Au  = uBu,  where  A and  B are  now 
algebraic  matrices.  The  eigenvalues  of  this  system  of  algebraic  equations  are  then 
calculated. 

The  liquid  used  in  our  experiment  has  a viscosity  of  = 5651  c.p  at  25*C. 
The  sensitivity  to  temperature,  S is  0.0757C“^  and  the  thermal  conductivity  k is  0.22 
J/s  m C.  Therefore,  the  velocity  scale  corresponding  to  this  set  of  physical  properties 
is  Vrei  = \/k/ Sfi-w  = 0.72  m/s.  The  gap  width  used  in  an  experiment  is  typically 
of  the  order  of  1 cm.  The  density  of  the  liquid  used  in  the  experiment  is  around 
lOOOkg/m'^.  Hence,  the  Reynolds  number  in  this  scaling  is  Re  = LVretp/ ^.w  = 1.30. 
The  specific  heat  of  the  liquid  is  2000  J/kg/K  and  therefore  the  Prandtl  number  is 
Pr  = C^jiyj/k  = 51500.  We  will  address  the  stability  questions  specifically  for  this 


set  of  parameter  values. 
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First,  we  will  consider  the  case  of  constant  wall  stress.  For  this  case,  we  know 
that  for  a zero  wave  number  disturbance,  the  lower  branch  is  stable,  the  nose  is  a 
point  of  neutral  stability  and  the  upper  branch  is  unstable.  The  question  would  then 
be  to  ask  whether  there  is  a point  on  the  lower  branch  that  is  unstable  to  a non-zero 
wave  number  disturbance  at  constant  wall  stress,  for  the  set  of  parameter  values 
that  we  have  chosen.  To  answer  this  question,  we  will  choose  a point  on  the  base 
curve  corresponding  to  a scaled  shear  stress  value  of  t^zq  — 0.93  and  a scaled  velocity 
Vo  = 3.67.  This  point  is  on  the  lower  branch  of  the  base  curve  and  very  close  to  the 
nose.  If  our  earlier  conclusion  that  we  drew  for  a zero  wave  number  disturbance,  viz. 
that  the  eigenvalues  increase  with  an  increase  in  the  wall  speed,  holds  good  even  for 
non-zero  wave  number  disturbances  then  ensuring  the  stability  of  this  chosen  point 
on  the  curve  would  ensure  that  the  flow  is  stable  to  all  points  on  the  lower  branch 
which  have  lower  wall  speeds. 

Table  6.1  shows  the  value  of  the  real  part  of  the  largest  eigenvalue  with  respect 
to  the  wave  number.  We  see  from  the  table  that  the  real  part  remains  negative 
for  a range  of  wave  numbers  thus  confirming  that  the  lower  branch  is  stable  to 
small  perturbations  at  constant  wall  stress,  at  least  under  the  chosen  experimental 
conditions^. 

Next,  we  will  check  whether  at  constant  wall  speed,  the  upper  branch  is  stable 
to  small  disturbances  for  the  chosen  experimental  conditions.  Note  that  the  wall 
speed  along  the  upper  branch  goes  all  the  way  up  to  infinity.  However,  we  are  only 
interested  in  ensuring  the  stability  of  the  flow  for  the  maximum  wall  speeds  that 
we  can  expect  in  our  experiment.  The  experiments,  as  mentioned  before,  are  run 

in  circular  Couette  flow  with  an  outer  radius  of  one  inch.  Typical  maximum  speeds 

^One  might  be  curious  to  know  about  the  stability  at  constant  wall  stress  for  a non-zero  wave 
number  disturbance  on  the  upper  branch.  However,  as  we  already  know  that  at  constant  wall  stress, 
the  flow  is  unstable  for  a zero  wave  number  disturbance  for  all  Prandtl  numbers,  the  result  of  a 
stability  calculation  for  a non-zero  wave  number  disturbance  will  not  alter  the  stability  picture  on 
the  upper  branch.  Therefore,  we  did  not  perform  the  stability  calculation  at  constant  wall  stress  on 
the  upper  branch. 
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Table  6.1:  Stability  at  constant  wall  stress:  The  real  part  of  the  largest  eigenvalue 
vs.  the  wave  number  for  a point  on  the  lower  branch  for  the  chosen  experimental 
conditions. 


wave  number 

Real  part  of  the  largest  eigenvalue 

0.5 

-2.3  xlO-^ 

1.0 

-3.6  xlO-2 

2.0 

-5.8x10-2 

3.0 

-7.6x10-2 

4.0 

-9.3x10-2 

5.0 

-1.1x10-1 

Table  6.2:  The  stability  at  constant  wall  speed:  The  plot  of  the  largest  eigenvalue 
vs.  the  wave  number  for  a point  on  the  upper  branch  and  for  properties  based  on 
our  experimental  liquid. 


wave  number 

Real  part  of  the  largest  eigenvalue 

0.5 

-2.3x10-2 

1.0 

-3.5x10-2 

2.0 

-5.5x10-2 

3.0 

-7.2x10-2 

4.0 

-8.8x10-2 

5.0 

-1.0x10-1 

expected  in  the  experiment  are  around  2000  rpm.  This  translates  to  a linear  speed  of 
5.32  m/s  for  this  geometry.  Hence,  scaling  this  velocity  with  respect  to  the  reference 
velocity,  we  obtain  for  the  scaled  velocity  Vq  = 7.39.  This  corresponds  to  a point 
on  the  upper  branch  of  the  base  curve  with  the  corresponding  scaled  shear  stress 
'Txzo  — 0.853.  If  this  point  is  stable  at  constant  wall  speed  then  we  can  ensure  that 
for  the  experimental  conditions  the  flow  is  stable  at  constant  wall  speed. 

Table  6.2  shows  the  value  of  the  largest  eigenvalue  as  a function  of  the  wave 
number  for  the  chosen  point  on  the  base  curve  and  for  the  set  of  chosen  parameters 
corresponding  to  the  experiment.  The  table  shows  that  the  real  part  of  the  largest 
eigenvalue  is  negative  for  a range  of  wave  numbers  thus  ensuring  that  the  flow  is 
stable  at  constant  wall  speed  under  the  experimental  conditions. 
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Thus  the  conclusion  from  our  stability  results  is  that  for  the  chosen  exper- 
imental conditions,  the  lower  branch  is  stable  both  at  constant  wall  speed  and  at 
constant  wall  stress  conditions.  The  upper  branch  is  stable  at  constant  wall  speed 
but  unstable  at  constant  wall  stress.  Therefore,  we  find  that  the  stability  results  for 
a non-zero  wave  number  disturbance  do  not  alter  the  conclusions  that  we  drew  based 
on  the  stability  results  for  a zero  wave  number  disturbance.  This  then  directly  leads 
us  on  to  exploring  the  possibility  of  performing  an  experiment  with  the  objective  that 
we  originally  had  at  the  end  of  chapter  4; 

• Setting  the  wall  speed,  obtain  the  base  solution  curve.  Once  the  base  solution  is 
obtained,  hold  the  wall  stress  fixed  at  a point  on  the  upper  branch.  The  upper 
branch  being  unstable  for  a fixed  wall  stress,  the  system  ought  to  jump  to  the 
lower  branch  for  that  value  of  wall  stress  as  that  is  the  only  stable  operating 
point  for  that  value  of  wall  stress. 

However,  we  first  have  to  conceive  of  an  experimental  plan  to  attain  these  objectives 
and  this  is  what  we  will  do  in  chapter  7.  But,  before  that,  as  in  the  earlier  chapters, 
here  again  we  conclude  this  part  with  endnotes  on  peripheral,  but  interesting  and,  in 
some  cases,  useful  issues  that  otherwise  simply  get  in  our  way. 

6.1  Endnotes 

6.1.1  The  Thin  Gapping  of  Perturbed  Equations  in  Circular  Couette  flow 

In  chapter  2,  we  showed  that  in  the  limit  of  the  gap  width  going  to  zero,  the 
base  equations  in  circular  Couette  flow  become  identically  equal  to  the  base  equations 
in  plane  Couette  flow.  In  this  endnote,  we  will  prove  that  the  same  holds  true  even 
when  a perturbation  is  carried  out.  Now,  the  perturbed  equations  in  the  circular 
Couette  flow  are  obtained  by  introducing 

Vr,  = Vr,  (r)e'"‘e*”*^e*^" 
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Pi  = 

Ti  = f’i(r)e'"‘e*'"^e*'^" 


into  the  perturbed  equations 
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(6.58) 
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where  /uq  = dp(To)/To,  we  obtain 

Here,  m is  the  wave  number  in  the  azimuthal  direction  and  j3  is  the  wave 
number  in  the  2;  direction.  As  a result,  we  see  that  the  continuity  equation  reduces 
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while  the  r,  9,  z component  of  the  equation  of  motion  become 
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The  energy  equation  turns  into 
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Now,  scaling  these  equations  using  r*  = {r  — ri)/A  where  A = (r2  — ri)  and 
multiplying  the  equation  of  continuity  by  A and  the  momentum  and  energy  equations 
by  A^  throughout,  the  equation  of  continuity  becomes 
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and  the  equations  of  motion  become 
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and  the  energy  equation  becomes 
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-k 
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Let  A/ri  = e.  Redefine  m/ri  = 7 to  obtain  the  equation  of  continuity  as 
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the  equations  of  motion  as 
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and  the  energy  equation  as 
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As  the  gap  width  A = {t2  — ri)  goes  to  zero,  e ^ 0 and  the  equation  of  continuity 


reduces  to 
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and  the  equations  of  motion  reduce  to 
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while  the  energy  equation  reduces  to 
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Now,  scaling  x in  the  unsealed  plane  Couette  equations  given  in  the  main  body  of 
this  chapter  with  respect  to  the  gap  width  L we  obtain  for  the  equation  of  continuity 
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and  for  the  equations  of  motion 
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Table  6.3:  Correspondence  between  circular  Couette  flow  and  the  plane  Couette  flow 


Circular  Couette  flow 

plane  Couette  flow 

9 component 
r component 
z component 

z component 
X component 
y component 
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and  for  the  energy  equation 
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Inspecting  the  equations  in  circular  Couette  flow  as  e — >•  0 and  the  corresponding 


equations  in  plane  Couette  flow,  we  find  that  as  the  gap  width  goes  to  zero,  the 


circular  equations  reduce  to  plane  Couette  equations  in  this  scaling  with  the  following 

correspondence  between  them  as  indicated  in  table  6.3 
6.1.2  The  Boundary  Condition  at  Constant  Wall  Stress 


In  the  main  body  of  this  chapter,  we  used  the  following  boundary  condition 
at  constant  wall  stress  at  x = +1  at  constant  temperature:  = +1)  = 0.  We 

will  learn  in  this  endnote  that  this  is  a simplification  of  the  real  situation  at  constant 
wall  stress  and  it  was  done  purely  to  obtain  an  easier  calculation  procedure.  To  see 
what  the  correct  boundary  condition  at  constant  wall  stress  is,  let  us  first  consider 
the  perturbed  equations  in  Vzj^,Vz^,px,9i-  These  equations  are  partial  differential 
equations  in  x,  z and  t.  Now,  the  average  shear  stress  on  the  fluid  layer  at  x = +1 
can  be  held  constant  by  holding  the  the  force  on  the  plate  constant.  The  boundary 
condition  is  then 


■z-W 


dvzi 

dx 


dz  = 0 


z=0 
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where  Vz^(x  — +1)  cannot  be  a function  of  ^ as  the  plate  is  rigid.  This  problem 
with  this  boundary  condition  is  well  posed  and  though  difficult,  can  be  solved.  The 
difficulty,  one  might  observe,  stems  from  the  fact  that  partial  differential  equations 
have  to  be  solved.  Now,  to  simplify  the  calculation,  if  one  introduces  Fourier  modes 
to  reduce  the  partial  differential  equations  to  ordinary  differential  equations,  it  leads 
to  a problem  at  the  wall  as  the  wall  velocity  cannot  change  with  2:.  Now,  there  is 
an  approximation  which  makes  the  calculation  a lot  easier,  fn  this,  we  first  reduce 
the  partial  differential  equations  to  ordinary  differential  equations  by  introducing 
Fourier  modes.  This,  of  course,  is  done  pretending  that  the  wall  does  not  exist. 
Then,  we  assume  that  the  integral  condition  that  arises  at  constant  force  can  be 
applied  pointwise,  i.e.,  we  assume  that  there  is  no  variation  in  the  shear  stress  at 
X = -\-\  across  z.  This  simplification  not  only  leads  to  a well  posed  problem  but 
also  to  a calculation  that  is  a lot  easier.  This  in  fact  was  the  simplification  used  in 
calculating  the  stability  at  constant  wall  stress. 

6.1.3  The  Stability  of  the  Perturbed  Equations  when  the  Wave  Number.  7 = 0,  /j  ^ 0 

In  the  main  body  of  this  chapter,  we  asserted  that  it  is  enough  to  consider  the 
two  dimensional  problem  in  x and  z and  carried  out  our  stability  calculation  for  this 
problem.  In  this  endnote,  we  will  consider  its  companion  two  dimensional  problem 
in  X and  y and  see  whether  it  is  stable.  If  indeed  it  is  stable,  then  it  will  further 
fortify  our  original  supposition  that  it  is  not  necessary  to  consider  the  stability  of  the 
complete  three  dimensional  flow  for  this  problem. 

The  two  dimensional  problem  in  x and  y with  the  wave  number  7 = 0,  /?  7^  0 
ought  to  be  stable  for  the  following  reason:  The  equations  at  7 = 0,  /3  7^  0 correspond 
to  the  narrow  gap  limit  of  the  problem  that  describes  the  the  circular  Couette  flow 
between  concentric  cylinders.  However,  the  biggest  difference  is  that  the  centrifugal 
term  that  causes  the  Taylor  instability  in  the  circular  Couette  flow  is  lost  due  to  thin 
gapping.  This  would  then  mean  that  this  flow  should  be  stable  to  small  disturbances 
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provided  the  viscosity  variation  with  temperature  does  not  affect  the  stability.  To 
see  whether  this  is  true,  let  us  first  consider  the  perturbed  equations  at  /3  7^  0 and 
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Note  that  in  the  above  set  of  equations,  only  , Vy^  and  pi  can  be  determined  inde- 
pendent  of  x^j  and  Oi.  Now,  it  is  possible  to  prove  that  the  eigenvalues  that  determine 
Vxi  and  Vy^  are  negative.  To  do  this,  we  first  eliminate  pressure,  by  multiplying  the 
X component  by  — x/3,  and  then  differentiating  the  y component  and  adding  them  to 
obtain. 
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Introducing  the  stream  function  such  that  Vy^  = ^ and  Vx-^  = —iP^\  where  the 


(6.91) 


stream  function  satisfies  the  equation  of  continuity,  we  obtain. 
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Simplifying,  we  obtain, 


<\x^ 


(6.93) 


The  boundary  conditions  are 


n 

X = ±l,'0i  = = 0 

ax 


Now,  to  prove  that  the  eigenvalues  determined  by  this  equation  are  negative,  multiply 


/S  /N 


the  equation  by  Tj,  where  denotes  the  complex  conjugate  of  and  = T 


and  integrate  it  between  -1  to  1 to  obtain 
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This  equation  shows  that  the  eigenvalues  that  determine  and  Vy^  are  negative. 


This  then  means  v^i  and  Vy^  must  decay  with  time,  no  matter  what  and  9\  do. 
Now,  observe  the  z component  of  the  equation  of  motion  and  the  energy  equation.  In 


addition  to  and  0i,  these  equations  also  have  Vx^  in  them.  Now,  all  the  eigenvalnes 
that  correspond  to  a non-zero  value  of  Vx^  have  already  been  determined.  Therefore, 
to  determine  the  remaining  eigenvalues  for  this  flow,  we  may  put  Vx^  = 0 in  these 
two  equations.  When  we  do  this,  these  equations  become  independent  of  1)^  and  Vy^. 
Not  only  that,  they  look  very  similar  to  the  zero  wave  number  equations  with  an 
extra  added  diffusion  term  due  to  j3.  Now,  we  know  that  at  zero  wave  number,  the 
flow  is  stable  at  constant  wall  speed.  The  extra  added  diffusion  term  can  only  further 
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stabilize  the  flow.  The  conclusion  then  is  that  the  eigenvalues  that  determine  Vzi  and 

/s 

9i  must  also  be  negative.  This  then  means  that  the  flow  is  stable  to  disturbances 

7 = 0,  /3  ^ 0 at  constant  wall  speed.  This  result  further  fortifles  our  original  belief 

that  the  y component  of  the  equation  of  motion  does  not  affect  the  stability  of  the 

flow  and  hence  need  not  be  considered  while  studying  the  stability. 

6.1.4  A comment  on  the  Non-Zero  Wave  Number  Equations  in  the  limit  -7^0 


Earlier  in  this  chapter,  we  made  a calculation  to  prove  that  as  the  wave  number 
changes  from  zero,  the  eigenvalues  develop  a purely  oscillatory  component.  To  check 
this  result,  one  might  calculate  the  eigenvalues  at  very  small  wave  numbers  and  see 
whether  the  real  part  of  the  eigenvalues  from  such  a calculation  match  with  those 
from  a zero  wave  number  calculation.  It  turns  out  that  one  has  to  be  extremely 
careful  while  interpreting  the  result  from  such  a calculation  at  low  wave  numbers.  To 
see  why,  let  us  first  write  the  non-zero  wave  number  equations  in  the  stream  function 
formulation.  The  equations  are 
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Let  us  take  the  specific  case  of  constant  wall  speed.  Under  this  condition,  the  bound- 
ary conditions  are 

§i{x  = ±1)  = 0,  -01  = ^ = 0 at  a;  = ±1. 

A key  point  about  the  boundary  condition  is  worth  mentioning  here:  Note 
that  the  condition  ipi  = 0 at  a;  = ±1  directly  comes  from  the  fact  that  = 0 at 
a;  = ±1.  Now,  by  definition  of  a stream  function,  the  difference  between  its  value  at 
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any  two  points  gives  the  net  flow  between  those  two  points.  Now,  the  stream  function 
is  zero  both  at  x = — 1 and  x = +\.  This  then  means  that  there  cannot  be  any  net 
flow  in  the  perturbation  at  non-zero  wave  number.  All  the  eigenvalues  in  the  two 
dimensional  flow  therefore  correspond  to  no  net  flow. 

At  zero  wave  number,  the  flow  is  one  dimensional  as  is  zero.  Therefore, 
writing  the  zero  wave  number  equations  in  the  stream  function  formulation  is  unnec- 


essary. However,  if  one  chooses  to  do  so,  the  equations  are  then: 
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Let  us  turn  to  the  boundary  conditions:  The  condition  that  the  wall  speed  is  held 

A 

fixed  at  X = ±1  leads  to  ^ = 0 at  x = ±1.  Constant  temperature  on  both  the  walls 

/N 

yield  = 0 at  x = ±1.  Now,  as  does  not  appear  at  zero  wave  number  writing 

ys 

tpi  = 0 at  X = ±1  is  not  a valid  boundary  condition.  To  get  the  other  two  boundary 
conditions,  realize  that  at  zero  wave  number  and  for  an  exponential  fluidity. 
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Substituting  ^ in  this  equation,  we  obtain 
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d-01 


dx  d.x 
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+ Txzo^l 


Now  setting  ^ = 0 at  x = ±1,  which  is  tantamount  to  using  Vz^  = 0 at  x = ±1 


once  again,  yields  ^ 
boundary  conditions  to  be  used  for  the  zero  wave  number  equations  in  stream  function 
formulation.  This  then  is  the  correct  model  for  calculating  the  eigenvalues  at  zero 


= 0 at  X = ±1.  These  are  the  other  two 


wave  number  in  the  fourth  order  stream  function  formulation. 


Now,  let  us  see  what  happens  as  we  substitute  very  low  values  of  the  wave 
number  in  the  non-zero  wave  number  equations  and  try  to  recover  the  eigenvalues 
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Table  6.4:  The  comparison  of  the  first  few  eigenvalues  from  a zero  wave  number 
calculation  with  those  arising  from  setting  7 = 0.01  in  the  non-zero  wave  number 
equations.  The  chosen  parameter  values  are  = 0.5,  Vo  = 1.09,  Re=l,  Pr=l. 


The  eigenvalues  at 
zero  wave  number 

The  real  part  of  the  eigenvalues 
at  non-zero  wave  number 

The  corresponding 
imaginary  part 

-2.19 

-2.61 

-2.61 

-5.5  X 10-^ 

-8.95 

-8.95 

-5.5  X 10-^ 

-9.98 

-9.70 

-5.5  X 10"^ 

-20.20 

-18.55 

-5.5  X 10"3 

-22.27 

-22.27 

-5.5  X 10-^ 

-35.94 

-35.97 

-5.5  X 10“^ 

at  zero  wave  number.  Before  that,  once  again  recall  that  at  zero  wave  number,  the 
flow  is  one  dimensional.  There  is  no  restriction  on  the  flow  to  turn  and  repeat  itself 
periodically.  Consequently,  it  is  possible  that  there  are  modes  which  allow  net  flow. 

✓s 

Now,  by  using  "01  = 0 at  x = ±1  in  a non-zero  wave  number  calculation,  we  look  only 
for  those  eigenvalues  that  allow  no  net  flow.  Therefore,  in  this  calculation,  as  7 — > 0, 
we  will  lose  those  eigenvalues  that  correspond  to  a net  flow.  Indeed  this  is  exactly 
what  we  observed  in  our  calculations  when  we  set  very  low  values  of  7 in  the  non-zero 
wave  number  equations  and  compared  the  eigenvalues  with  those  arising  from  a zero 
wave  number  calculation  that  are  based  on  a correct  model.  Table  6.1.4  shows  a 
comparison  of  the  first  few  eigenvalues  at  zero  wave  number  with  those  from  a non- 
zero wave  number  with  7 = 0.01.  We  chose  = 0.5,  Vo  = 1-098  and  Re  = 1,  Pr  = 1 
for  this  calculation.  The  eigenvalues  are  arranged  based  on  decreasing  real  part. 

From  the  table  observe  that  the  eigenvalue  —2.19  at  zero  wave  number  is 
missing  in  the  non-zero  wave  number  calculation.  This  in  fact  is  the  eigenvalue  that 
corresponds  to  a net  flow  in  the  perturbation.  The  real  part  of  the  other  eigenvalues 
match  with  those  from  a zero  w'ave  number  calculation.  This  then  is  in  agreement 
with  our  earlier  analytical  result  that  the  real  part  of  the  eigenvalue  does  not  change 
as  the  wave  number  is  changed  slightly  from  zero. 
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6.1.5  Is  an  Inflexion  point  necessary  for  an  Instability  in  Viscous  Shear  Flows? 

Lord  Rayleigh’s  inflexion  point  theorem  for  inviscid  fluids  states  that  the  nec- 
essary condition  for  an  instability  in  a shear  flow  is  that  the  base  profile  should  have 
a point  of  inflexion.  Mathematically,  an  inflexion  point  in  the  velocity  profile  can  be 
defined  as  follows:  If  the  velocity  Vz^  is  a function  of  x,  then  the  point  where 
changes  sign  is  a point  of  inflexion  in  the  velocity  profile.  Now,  an  inflexion  point  is 
a necessary  condition  but  not  a sufficient  condition  for  an  instability,  i.e.,  a flow  with 
an  inflexion  point  in  its  base  velocity  profile  may  still  be  stable.  All  this  is  true  in  the 
inviscid  limit.  Now,  incorporating  a finite  viscosity,  one  might  assume,  is  stabilizing. 
However,  it  turns  out  that  this  is  not  true  for  shear  flows  of  these  kind.  In  fact, 
a small  amount  of  viscosity  turns  out  be  destabilizing  in  a flow  where  the  totally 
inviscid  limit  is  stable!  A classic  example  wherein  this  is  true  is  the  case  of  isoviscous 
plane  Poiseulle  flow,  which  has  a parabolic  velocity  profile.  For  this  case,  in  scaled 
terms,  the  velocity  Vz^  can  be  written  as  1 — x^,  where  x is  the  scaled  gap  width  which 
is  zero  at  the  channel  centre  and  one  at  the  wall.  There  are  no  inflexion  points  in 
the  base  profile  as  -7^  in  this  case  is  equal  to  a constant,  —2.  However,  it  turns  out 
from  a numerical  calculation  that  this  flow  goes  unstable  to  small  disturbances  for  a 
Reynolds  number  of  5772.  The  conclusion  therefore  is  that  an  inflexion  point  is  not 
necessary  for  an  instability  in  viscous  shear  flows.  In  fact,  we  checked  this  to  be  true 
for  the  Couette  flow  problem  with  a temperature  dependent  viscosity  and  with  an 
adiabatic  top  wall  and  a conducting  bottom  wall  as  illustrated  in  flg(6.1).  The  base 
velocity  profile  arising  out  of  this  combination  of  temperature  boundary  conditions 
does  not  have  a point  of  inflexion  as  in  this  case  is  equal  to  Txzq^  ^iiid  ^ > 0. 
However,  our  numerical  calculations  for  this  case  show  that  the  flow  indeed  does  go 
unstable  at  constant  wall  speed.  Of  course,  the  value  at  which  an  instability  sets 
in  corresponds  to  an  rpm  which  is  well  beyond  the  realms  of  a physical  experiment. 
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Fzi  = 0 


Figure  6.1:  Schematic  of  plane  Couette  flow  with  an  adiabatic  top  wall  and  a con- 
ducting bottom  wall 

The  point  here  is  just  to  prove  it  is  not  necessary  to  have  an  inflexion  point  in  the 

base  profile  for  an  instability  to  develop  in  viscous  shear  flows. 

6.1.6  Comparison  of  our  Stability  Results  with  an  earlier  work 

In  this  endnote,  we  will  check  to  see  whether  we  are  able  to  reproduce  the 
stability  results  of  earlier  workers  Yueh  and  Weng[ll]  from  our  calculations  as  doing 
this  successfully  would  fortify  our  belief  in  the  numerical  scheme  that  we  follow.  To 
do  this,  the  first  observation  we  make  is  that  in  their  work,  Yueh  and  Weng  employ  a 
different  velocity  and  temperature  scale.  In  fact,  the  scaling  option  that  we  discussed 
in  an  endnote  of  chapter  2 with  the  wall  speed  as  the  velocity  scale  and  the  wall 
temperature  as  the  temperature  scale  is  the  basis  for  their  scaling.  The  scaled  base 
temperature  and  velocity  equations  in  this  scaling  are 


0 


0 = + Brr^  /o 


= -K)  - = -1)  = 1/2  - (-1/2)  = 1 = r 


XZQ 


/odx 


respectively  where  Br  = 


is  Brinkmann  number. 

K 1 XI) 


Observe  that  we  have  used 


the  velocity  boundary  condition  that  the  top  wall  moves  with  a velocity  of  Vq/2  and 
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the  bottom  wall  moves  with  a velocity  of  — Vq/2  while  integrating  the  definition  of 
shear  stress.  Yueh  and  Weng  follow  this  convention,  possibly  for  the  symmetry  in 
the  velocity  profile  that  results.  To  make  a proper  comparison  with  their  result  we 
too  follow  the  same  convention  here  even  though  this  is  different  from  that  we  have 
been  following  thus  far,  viz.,  assuming  that  the  bottom  wall  is  fixed  and  the  top  wall 
moves  with  a velocity  Vq.  The  scaled  velocity  in  this  scaling  therefore  goes  from  —1/2 
to  1/2. 


Even  though  Yueh  and  Weng  have  considered  both  exponential  and  Arrhenius 
fluidity  for  their  stability  calculation,  we  will  consider  only  the  case  of  exponential 
fluidity  dependence  for  comparison  as  that  is  the  case  of  the  most  interest  to  us.  For 
exponential  dependence  of  viscosity  on  temperature,  /o  in  this  scaling  is  equal  to  e“^° 
where  a is  the  sensitivity. 


The  perturbed  equations  in  this  scaling  for  an  exponential  dependence  of 
viscosity  on  temperature  are 


dz) 


n 


dx 


+ i'yvz,  = 0 


(6.100) 


crfij,!  + zyReu^oW^i  = - 


dpi  2*^^° 
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crPr^i  + RePrfi 
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+ z7RePru2„0i  = 
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(6.103) 


The  boundary  conditions  on  these  variables  satisfy 


z)2i(x  = ±1)  = 0,Vx,{x  = ±1)  = 0,01  (a;  = ±1)  = 0 
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if  the  wall  speed  is  held  fixed  and 


-^(x  = +1)  = 0,Vzi{x  = -1)  = 0,Vxi(x  = ±1)  = 0,^1  (x  ==  ±1)  = 0 

if  the  wall  stress  is  held  fixed.  In  their  work,  Yueh  and  Weng  have  considered  only 
the  case  of  constant  wall  speed.  Hence,  that  is  the  only  case  we  will  consider  in 
this  endnote.  Now,  writing  the  equations  in  stream  function  formulation  with  the 
stream  function  V'l  which  satisfies  the  equation  of  continuity  such  that  ^21  = -^ 

/s 

and  Vx^  = i'jipi . The  x and  2:  components  of  the  equation  of  motion  then  combine  to 
give 


iy^ReUzg  + iyRe 


d^ 


V 


dx^ 


20  I 4 I 
+ 7 A<o  + 7 


dx^ 


(6.104) 


and  the  energy  equation  is 
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aPr^i  + i^RePr-ipi^^  + iyRePru^g^i  = — 'y‘^9i  + Brr, 
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xzo  ,,2 
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xzo 


dx^ 


+ 7^ '01 


(6.105) 


with  the  boundary  condition 
"01  = ^ = ^1  = 0 at  X = ±1 
if  the  wall  speed  is  held  fixed  at  x = 1. 

Note  that  these  equations  look  identical  to  those  in  the  scaling  that  we  work 
with  except  for  the  group  Br  and  the  sensitivity  parameter  a.  Also,  the  scaled  base 
velocity  and  base  viscosity  profiles  are  different  in  this  scaling  as  compared  to  our 
scaling. 

Yueh  and  Weng  have  plotted  a stability  curve  of  the  critical  Reynolds  number 
vs.  the  wave  number  for  a chosen  value  of  Br  = 20,  Pr  = 50,  for  a liquid  with  an 
exponential  fluidity  dependence  with  the  sensitivity  a — 5.  We  will  check  this  result 
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Table  6.5:  Comparison  of  the  result  of  Yueh  and  Weng  with  our  calculations:  The 
critical  Reynold’s  number  vs.  the  wave  number  for  Br  = 20,  Pr  = 50. 


The  critical  wave  number,  7 

Re 

as  read  from  Yueh’s  graph 

Our  calculation 

20 

0.62 

0.63 

50 

0.22 

0.22 

100 

0.11 

0.11 

120 

0.16 

0.16 

with  our  numerical  calculation.  Table  6.1.6  shows  the  comparison.  From  the  table 
we  find  that  our  numerical  results  match  well  with  the  result  of  Yueh  and  Weng. 

Now,  we  will  check  to  see  whether  the  scaled  wall  speed  Vq  corresponding  to 
the  above  critical  parameter  values  are  possible  in  an  experiment.  It  turns  out  that 
the  wall  speed  can  be  obtained  from  the  formula  Vq  = x \/CyT^.  Now,  choosing 
a specific  heat  Cy  =2000  J/kg  K and  a reference  temperature  of  25  C,  we  obtain 
for  the  wall  speed,  Vo  = 488  m/s  which  corresponds  to  an  rpm  of  1.32  x 10^  in  our 
experiment  ! Therefore,  we  conclude  that  the  stability  results  of  Yueh  and  Weng  is 
only  of  theoretical  interest. 

6.1.7  A note  on  the  stability  of  Isoviscous  Plane  Couette  Flow 

Thus  far,  we  discussed  the  stability  of  the  plane  Couette  flow  with  a tempera- 
ture dependent  viscosity.  We  examined  the  stability  both  at  constant  wall  speed  and 
at  constant  wall  stress.  For  the  sake  of  completion,  we  will  discuss  the  stability  of 
constant  viscosity  plane  Couette  flow  both  at  constant  wall  speed  and  constant  wall 
stress  in  this  endnote. 

It  is  well  known  in  literature[10]  that  isoviscous  plane  Couette  flow  is  stable 
for  all  finite  Reynolds  number  at  constant  wall  speed.  However,  the  stability  results 
at  constant  wall  stress  are  not  available  in  literature.  In  this  section,  we  will  present 
the  result  of  a numerical  calculation  of  the  real  part  of  the  largest  eigenvalue  vs.  the 
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wave  number  for  a range  of  Reynolds  numbers  both  under  constant  wall  speed  and 
constant  wall  stress  conditions. 

The  Orr-Sommerfield  equation  for  isoviscous  plane  Couette  flow  for  which 
is  a linear  function  of  x is 
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(J7  tp 


27 


M ' ■ 


.4 


dx^ 


(6.106) 


with  the  boundary  condition 

ipi  = ^ = 0 at  X = ±1  if  the  wall  speed  is  held  fixed  at  a;  = +1  and 
■01  = ^ = 0 at  a;  = -1  and  0i  = = 0 at  x = +1 

if  the  wall  stress  is  held  fixed  at  x = +1.  Here  Re  = where  Vo  is  the  velocity  of 

the  wall,  /a  is  the  viscosity  of  the  liquid,  p is  the  density  of  the  liquid  and  L is  the  gap 
width,  a has  been  scaled  with  respect  to  where  u is  the  kinematic  viscosity. 

This  infinite  dimensional  differential  equation  is  truncated  to  a finite  dimensional 
system  of  equations  by  finite  differencing  the  equations.  The  equations  that  result 
can  be  cast  as  Au  = crBu,  where  A and  B are  matrices.  The  eigenvalues  of  this 
system  is  then  calculated. 

Figure  6.2  shows  the  plot  of  the  real  part  of  the  largest  eigenvalue  vs.  the  wave 
number  for  a range  of  Reynolds  number  for  conditions  of  constant  wall  speed.  The 
real  part  is  negative  for  a range  of  wave  numbers  indicating  that  the  flow  is  stable. 
Similarly,  fig(6.3)  shows  the  plot  of  the  real  part  of  the  largest  eigenvalue  vs.  the 
wave  number  for  a range  of  Reynolds  number  for  conditions  of  constant  wall  stress. 
Again,  the  real  part  is  negative  indicating  that  the  flow  is  stable  at  constant  wall 
stress  too.  Also,  note  that  the  real  part  of  the  largest  eigenvalue  in  this  case  is  less 
negative  as  compared  to  the  case  of  constant  wall  speed,  once  again  indicating  that 
constant  wall  stress  is  more  unstable  than  constant  speed. 
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Figure  6.2:  Isoviscous  plane  Couette  flow:  The  plot  of  the  largest  eigenvalue  vs.  the 
wavenumber  for  a range  of  Reynolds  numbers  for  conditions  of  constant  wall  speed. 


Figure  6.3:  Isoviscous  plane  Couette  flow:  The  plot  of  the  largest  eigenvalue  vs.  the 
wavenumber  for  a range  of  Reynolds  numbers  for  conditions  of  constant  wall  stress. 


CHAPTER  7 

OVERVIEW  OF  AN  EXPERIMENT  AND  CONCLUSIONS  DRAWN  FROM  IT 


At  the  end  of  the  last  chapter,  we  presented  an  objective  for  an  experiment 
based  on  our  stability  results  at  constant  wall  speed  and  at  constant  wall  stress.  It 
was  this:  To  obtain  the  base  curve  from  an  experiment  and  at  any  point  along  it  hold 
the  wall  stress  fixed  thereafter  determining  its  stability.  In  trying  to  decide  how  this 
objective  is  to  be  achieved,  we  will  discuss  the  configuration  of  an  experiment  in  this 
chapter.  In  doing  this,  we  will  not  discuss  anything  specific  such  as  the  nature  of  an 
experimental  liquid  or  the  geometric  dimensions  and  so  on.  These  details  have  to  be 
decided  only  after  confirming  that  we  can  actually  perform  the  experiment  that  we 
intended  to. 

Figure  7.1  illustrates  a typical  experimental  setup.  In  this  setup,  observe  that 
the  power  from  the  motor  is  an  input  to  the  system  and  the  rpm  of  the  cylinder  and 
the  torque  exerted  by  the  fluid  on  the  cylinder  are  measured  as  output.  Now,  our 
earlier  view  was  that  the  entire  base  curve  could  be  traced  holding  the  wall  speed  as 
an  input  variable.  This  was  based  on  our  stability  result  at  constant  wall  speed,  viz. 
small  perturbations  decay  at  constant  wall  speed.  However,  as  we  now  realize  that 
power  is  the  input  variable,  a stability  calculation  at  constant  power  must  therefore 
be  performed  as  only  the  result  of  such  a calculation  will  really  tell  us  whether  the 
base  curve  can  be  obtained  in  an  experiment.  This  is  the  task  to  which  we  now  turn. 

Now,  to  study  the  stability  of  the  flow  under  constant  power  input,  we  ought 
to  consider  the  power  from  the  electric  source  going  into  the  motor  which  drives  the 
belt  to  shear  the  flow.  The  efficiency  of  the  motor,  then,  has  to  be  taken  into  account 
to  calculate  the  power  coming  out  of  the  motor  and  the  efficiency  of  a motor  is  a 
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Figure  7.2:  A schematic  of  the  constant  power  input  for  plane  Couette  flow 


function  of  its  rotating  speed!  To  avoid  this  complication,  we  consider  the  power 
coming  out  of  the  motor  as  the  basis.  Further,  if  we  also  ignore  losses  along  the 
way,  this  will  also  be  the  power  going  to  shear  the  fluid.  Consequently,  the  stability 
calculation  will  be  performed  at  constant  power  to  shear  the  fluid.  And  as  always,  we 
will  perform  the  stability  calculation  for  plane  Couette  flow  and  based  on  this  draw 
our  conclusions  for  the  circular  Couette  flow  experiment. 

Figure  7.2  illustrates  a plane  Couette  flow  experiment.  If  the  power  input,  P, 
at  the  wall  x = L is  flxed,  then  we  have  the  following  condition  to  be  satisfied: 


dS  — constant 

x—L 


where  r is  the  stress  tensor,  n is  the  unit  vector  normal  to  the  surface  dS.  For  the 
plane  Couette  flow  depicted  in  figure  7.2,  n = Further,  as  the  velocity  components 
Vx,  Vy  are  zero  on  the  plate  dX  x = L,  we  obtain 


dS  = 

x=L 


W 


'^z'^xz 


X 


^idydz 


2 = 0 


where  W are  the  lengths  in  the  y,  2:  directions  respectively. 
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At  the  base  state,  let  the  power  input  be  denoted  by  Pq-  Therefore, 

ry—B  r»Z  — W 

/ / = L)<\y(\z  = Pq 

J y=0  J z=0 

where  Vq  = = L).  In  the  base  state,  the  quantities  Vq^Txzq  do  not  depend  on 

y,z.  The  above  equations  then  reduce  to 

VoTxz,WB  = Po 

Notice  that  this  equation  is  unsealed.  Now,  to  scale  this,  using  the  length  scale 
L such  that  W*  = W/L,B*  = B/L  where  L is  the  gap  width  and  further  using 
Vo*  = Vo/V,f  I'^xzQ  ^x2o/p:zref  Txz^.^f  — /^tub^ef/T  and  Pq  — Po/Pj-ef,  where 

Pref  = VrefTxz.^fL'^,  We  obtaill, 


v'v;,„iT*p*  = Po* 


After  dropping  the  *,  we  write  this  equation  as 


f'brx.o  = Po/WB 


Redefine  Po/WB  = Pq  to  obtain 


bfl^XZO  — P ■ 


0 


Now,  carrying  out  a perturbation  of  the  variables  about  the  base  state,  we 


obtain  up  to  O(e^) 


Vz  = Vzo(x)  + v^^{x,y,z,t) 
V = Vo  + Vi  (t) 

Vc2  Vrzo  T Xxzi  {x^  J/)  t) 

P - Po  + Pi{x,  y,z,t) 


where  Vi  = Vz^{x  — 1).  The  perturbed  equations  at  constant  power  input  must 


satisfy 


^z  = W ny=B 


z=0  •/  y=0 


{ViTxzoix  = 1)  + VoTxziix  = 1)}  dydz  = 0 
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Now,  the  perturbed  equations  for  Uxi i ,Pi,  partial  differential 

equations  in  x,  y,  z and  t subject  to  the  above  integral  boundary  conditioid  leads 
to  a well  posed  problem.  However,  it  is  difficult  to  solve.  We  therefore  look  for 
conditions  under  which  the  problem  becomes  easily  solvable.  It  turns  out  that  when 
we  expand  the  perturbed  variables  assuming  a zero  wave  number  disturbance,  the 
problem  becomes  easy.  At  zero  wave  number,  the  variables  can  be  expanded  as 

Vz  = Vzo  + Vzi  e'"* 

V'  = W + 1> 

'^XZ  '^xzo  ^XZ\^ 

P = Po  + Pie<^' 

The  boundary  condition  on  the  perturbed  variables  at  zero  wave  number  reduces  to 

bjp;zo  + = 0 (7.1) 

where  Vi  and  a,re  constants.  It  should  be  noted  that  only  at  zero  wave  number, 

does  the  integral  condition  reduce  to  a simple  algebraic  equation  and  to  a pointwise, 
instead  of  the  averaged  equation. 

Now,  this  equation  is  a linear  combination  of  the  boundary  condition  at  con- 
stant wall  speed  and  the  boundary  condition  at  constant  wall  stress.  Therefore,  based 
on  our  earlier  physical  explanation  of  the  rate  of  decay  of  perturbations  at  constant 
wall  speed  vs.  constant  wall  stress,  it  would  seem  that  the  eigenvalues  corresponding 
to  the  perturbations  under  a constant  power  must  be  between  the  value  for  constant 
wall  speed  and  the  value  for  constant  stress.  This  would  then  mean  that  there  might 
be  a point  of  neutral  stability  [a  = 0)  on  the  upper  branch  for  constant  power  as 
under  constant  wall  speed,  the  upper  branch  is  stable  ((7=negative)  to  small  pertur- 
bations and  for  constant  wall  stress,  the  upper  branch  is  unstable  (a=positive)  to 
^ Refer  to  an  endnote  to  learn  more  about  this  integral  boundary  condition 
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small  perturbations.  To  check  this,  let  us  see  whether  there  are  any  neutral  points 
on  the  base  solution  curve  at  constant  power  and  at  zero  wave  number. 

The  equations  to  be  considered  are  the  perturbed  velocity  equation  and  the 
perturbed  temperature  equation  at  neutral  conditions, 

dfxz, 

0 = — ^ 
dx 


0 = 


d^^i 

dx^ 


‘ ' ‘2  ^ 

T ./o  ^xzn^l  T 2/o'rxzg7x2i 


respectively.  The  first  equation  tells  us  that  the  perturbed  shear  stress  is  a constant 
across  the  gap.  Using  this  and  integrating  the  equation 


dh 


da: 


fo^xzi  “1“  '^xzQ.fo 


across  the  gap  using  at  a:  = 1,  = V'l  and  at  a;  = — 1,  = 0,  we  get 


/•+!  /•+!  , . 

Ui  = "Ttzi  J ./oda:  + J fo  Oidx 


(7.2) 


where  under  neutral  conditions,  as  the  perturbed  shear  stress  fxzi  is  constant  across 
the  gap,  fxz-^{x  = 1)  can  be  replaced  by  f^zi  anywhere  across  the  gap.  With  this 
simplification,  rearranging  the  boundary  condition  at  a:  = 1,  we  obtain 


= -TxziVqIt, 


XZo 


(7.3) 


Now,  using  this  in  the  equation  above,  we  obtain 
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• + 1 /‘-l-l  ^ 0 

fodx  + Txzo  / /o'^dx 


XZO 


-1 


-1 


T 
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Now,  as  explained  before,  under  neutral  conditions,  — 9q  and  hence  the  above 
equation  can  be  rewritten  as 


Vr 


0 


■+1 


■+1 
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/oda:  + T 


XZo 
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The  right  hand  side  of  this  equation  is  identically  equal  to  where  Vq  is  defined 


by  Vo  f-  fodx.  Therefore  this  equation  can  be  rewritten  as 


Vr 


0 


di; 


0 


Tc2o  ^^'^XZo 


(7.6) 
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Along  the  lower  branch,  is  positive.  Therefore,  the  right  hand  side  of  this 

equation  is  positive  but  the  left  hand  side  is  negative.  So,  this  equation  can  never 
be  satisfied  along  the  lower  branch  and  hence  a = 0 is  not  possible  along  the  lower 


branch.  As 


dVf 


0 


dr. 


is  negative  along  the  upper  branch,  it  may  happen  that  this  equation 


xzo 


can  be  satisfied  as  both  the  left  hand  side  and  the  right  hand  side  of  this  equation 
are  negative.  But,  it  turns  out  that  this  is  not  so.  To  see  this,  consider  the  following 
plausible  statement:  ”Aii  increase  in  wall  speed  is  obtained  by  increasing  the  wall 
power^”.  In  mathematical  terms,  it  is 


IT  T (^O'l'xzo)  ^ 0 

Cl  I 0 

This  implies 


(7.8) 

(7.9) 

(7.10) 


Therefore,  we  learn  from  this  equation'^  that  the  condition  for  neutral  stability  can 
never  be  satisfied  along  the  upper  branch  of  the  base  curve.  This  then  means  that 
there  are  no  points  of  neutral  stability  on  either  branches.  This  only  leaves  the  nose 
of  the  curve  to  be  examined. 


At  the  nose,  the  equation 


d^^i 

dx^ 


+ 2,/o'^xzo 


'^XZl 


^In  an  endnote  it  will  be  shown  that  this  statement  is  true  along  the  lower  branch,  the  nose  and 
at  least  for  some  distance  along  the  upper  branch 


^Observe  that  on  the  lower  branch  and  — Yo-  qj^  upper  branch.  Based 

ClTaTZrr  Ttttt  ClTa-Zr.  T^Zl  ^ ^ 


0 


on  this  one  might  be  wrongly  led  to  think  at  the  nose  and  therefore  wrongly  conclude 


that  nose  is  a neutral  point.  However,  it  should  be  remembered  that  starts  out  positive  along 

the  lower  branch,  becomes  positive  infinity  at  the  nose  and  then  starts  out  at  negative  infinity  along 
the  upper  branch  and  then  increases  to  finite  negative  values. 
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cannot  determine  9\  unless  a solvability  condition  is  satisfied  as  there  Txzo  — ^i{txzo)- 
The  solvability  condition  is 

J <l>l{-‘2Txzo.fofxzi}(^^X  = 0 (7.11) 

/N 

and  this  requires  fxzi  = 0 as  (/»i  is  singly  signed.  If  fxzi  = 0,  then  V)  = 0 from  the 
equation 

^'I'^xzo  “f  ^xzij.—i^'0  — 0 


and  also  = 0 from  the  equation 

[+'■  /•+!  , . 
n = y + Txzo  J .to  Oidx 

/N  /S 

Therefore,  at  the  nose,  only  the  solution  Vi,fxzi,0i  = 0 is  possible  to  the  eigenvalue 
problem  when  a is  put  to  zero  and  therefore  a = 0 is  not  an  eigenvalue  at  the  nose. 
The  stability  result  at  constant  input  power  is  then:  The  entire  base  solution  curve 
is  stable  to  small  perturbations  as  a starts  out  negative  at  Txzq  = 0 and  it  never  rises 
to  zero  anywhere  along  the  base  curve. 

Now,  before  we  proceed  any  further,  recognize  that  the  power  is  not  directly 
put  into  the  fluid  but  instead  onto  a plate  and  in  any  physical  experiment,  the 
mass  of  the  plate  that  moves  and  generates  the  shear  is  finite.  But,  thus  far  in  our 
calculations,  we  have  neglected  the  inertia  of  the  plate  by  assuming  that  it  is  of 
zero  mass.  Therefore,  we  will  see  how  a finite  mass  of  the  plate  affects  our  stability 
results.  To  do  this,  we  will  have  to  incorporate  the  dynamics  of  the  wall  at  a:  = L 
in  the  stability  calculation.  Let  rn^  be  the  mass  of  the  plate  and  V its  velocity.  Let 
F be  the  force  applied  on  the  plate  and  Txz{x  = L)  be  the  shear  stress  on  the  fluid 
and  let  A be  the  area  of  the  plate.  Accordingly,  we  can  write  for  the  dynamics  of  the 


wall. 


rn 


dt 


‘jj—B  f‘Z—W 


F - 


Txz{x  = L)dydz 


(7.12) 


y=0  J Z—0 

where  the  force  F is  related  to  the  input  power  P by  the  relation 


P = FV 


(7.13) 
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Now,  at  the  base  state,  denoted  by  subscript  zero,  we  have 


Po  — Fr\V 


0 *'  0 


where 


Po  = Txzoix  = L)  A 

For  a zero  wave  number  perturbation,  we  write  up  to  O(e^) 


1/  = Vo  + Vie 


at 


'^XZ  '^XZq  “1“  ^XZl^ 


at 


F = Fo  + F[e 


at 


P = Po  + Pie 


at 


As  the  perturbation  is  carried  out  at  constant  input  power,  we  set  P\  = 0.  Now. 
perturbing  P = FV  about  the  base  state,  we  obtain,  at  constant  power 


0 — Fi\'o  + FqVi 


Pi  = -\\Po/Vo  = -\\PoK 


0 


Therefore,  the  boundary  condition  on  the  plate  at  x = L becomes 


am^Vi  = -\]Po/Vq  - fxz^{x  = L)A 


(7.14) 


Notice  that  the  term 


.y=B  nz=W 


Txz{x  = L)dydz 

y=0  J Z=0 

has  reduced  to  f^zii^  = L)A  in  the  limit  of  a zero  wave  number  where  A = BW . 
Now,  scaling  the  length  by  L,  where  L is  the  gap  width,  V by  IVef;  the  shear  stress 
Txz  by  Txz.^f  = yUwKef/T,  the  power  by  the  product  of  the  growth  rate  by 

<^rei  = l^w/{pL^)i  where  p is  the  density  of  the  fluid  and  is  the  viscosity  at  the  wall 
temperature  T^,,  we  obtain 


m 


n m'  - K.P’ = 0 


yd  j)c  T /•  j)c 


pAL 


(J  V — 


(7.15) 
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As  pAL  is  the  mass  of  the  fluid  m,f  in  the  gap,  we  can  rewrite  the  equations,  after 
dropping  the  * as 


(7.16) 


Therefore,  the  ratio  of  the  mass  of  the  plate  with  respect  to  the  mass  of  the 
fluid  in  the  gap,  affects  cr,  the  rate  of  decay  of  perturbations.  We  find  that  as  — > 0, 

the  dynamics  corresponding  to  the  constant  power  conditions  without  incorporating 
the  mass  of  the  wall  are  approached.  This  indeed  serves  as  a check  for  this  calculation 
as  we  obtain  the  expected  result  in  the  limit  of  0.  On  the  other  hand,  as  the 

mass  — )•  oo,  the  dynamics  corresponding  to  the  constant  wall  speed  conditions 

are  approached.  Therefore,  one  might  conclude  that  for  a massy  wall,  the  dynamics 
of  the  flow  approaches  constant  wall  speed  conditions  even  though  the  experiment 
may  be  run  under  constant  power.  In  an  endnote,  we  will  show  that  this  is  indeed 
true  by  considering  the  problem  of  Taylor  instability  in  circular  Couette  flow. 

Summarizing  what  we  learnt  this  chapter:  we  have  realized  that  the  only 
input  variable  in  this  problem  is  the  power  to  shear  the  fluid.  The  wall  speed  and 
wall  stress  are  output  variables.  Based  on  this,  we  conclude  that  an  experiment  to 
trace  the  entire  base  curve  can  be  performed  by  setting  the  power  and  measuring 
the  torque  and  the  rpm.  This  conclusion  is  not  only  based  on  our  belief  that  the 
power  is  the  input  variable  but  also  due  to  the  stability  result  at  constant  power: 
small  perturbations  decay  at  constant  power.  Further,  we  also  found  out  that  the 
dynamics  of  the  flow  at  constant  power  to  the  plate  depends  on  the  ratio  of  the  mass 
of  the  moving  plate  with  respect  to  the  mass  of  the  fluid:  An  extremely  massy  plate 
as  compared  to  the  mass  of  the  fluid  leads  to  a dynamics  corresponding  to  constant 


wall  speed  conditions. 

We  will  now  turn  to  the  other  objective  for  an  experiment  that  we  set  ourselves 
earlier,  viz.  to  hold  the  wall  stress  fixed  on  the  upper  branch  to  see  whether  we  can 
experimentally  realize  that  the  upper  branch  is  unstable  at  constant  wall  stress. 
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Figure  7.3;  Illustration  of  Couette  flow  with  a braking  mechanism  to  control  the  wall 
stress 

What  we  expect  to  see  in  an  experiment  is  this:  As  the  upper  branch  is  unstable 
at  constant  wall  stress,  the  system  should  jump  to  the  lower  branch  for  that  wall 
stress.  Now,  before  trying  to  achieve  this  in  an  experiment,  first  observe  that  our 
earlier  calculations,  which  formed  the  motivation  for  this  experiment,  were  performed 
pretending  that  the  wall  stress  is  the  input  variable.  However,  we  now  believe  that 
the  only  input  variable  in  this  experiment  is  power.  Hence,  we  now  realize  that  in 
an  experiment,  the  wall  stress,  an  output  variable  can  only  be  set  using  the  power  to 
the  fluid.  Keeping  this  in  mind,  we  conceive  the  following  scheme  for  an  experiment 
in  plane  Couette  flow  as  illustrated  in  figure  7.3. 

Figure  7.3  shows  the  plane  Couette  flow  experiment  with  a braking  mechanism. 
Power  from  the  source  is  split  into  two:  One  j)ortion  goes  to  shear  the  flow  and  the 
other  portion  goes  to  a braking  mechanism.  The  shear  stress  exerted  by  the  fluid  on 
the  wall  is  measured  and  compared  with  the  wall  shear  stress  set  point.  Depending 
on  the  difference  between  these  two,  the  brake  is  either  applied  or  released  thereby 
either  decreasing  or  increasing  the  power  which  in  turn  brings  the  wall  stress  close  to 
the  set  point.  Notice  that  in  this  control  scheme  the  power  to  the  fluid  is  not  fixed. 
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It  has  to  be  adjusted  to  keep  the  wall  stress  close  to  the  set  point.  How  close  depends 
on  the  sensitivity  of  the  instrument  that  we  use  to  measure  the  shear  stress.  For 
example  if  the  set  point  shear  stress  is  2 units  and  the  sensitivity  of  the  instrument 
is  0.05  units,  any  shear  stress  value  in  the  range  from  1.95  to  2.05  may  be  seen  by 
the  instrument  as  2 units.  Now,  the  question  is  ”If  the  wall  stress  is  kept  close  to 
the  set  point  by  adjusting  the  power  on  the  upper  branch,  will  the  flow  jump  to 
the  lower  branch?”  To  answer  this  question,  let  us  go  through  a thought-experiment. 
In  this,  we  will  first  impose  a perturbation  on  the  wall  shear  stress.  Of  course,  the 
perturbation  imposed  must  be  such  that  the  instrument  can  ’see’  it  as  different  from 
the  set  point,  i.e.,  the  perturbation  should  be  greater  than  the  sensitivity  of  the 
instrument.  Then,  the  next  step  will  be  to  Irring  the  wall  stress  back  to  the  set  point 
by  adjusting  the  power.  The  objective  then  is  to  see  whether  as  a consequence  of 
this  sequence  of  actions,  the  flow  goes  to  the  lower  branch.  To  see  this,  let  us  turn 
to  the  first  step:  to  impose  a perturbation.  While  a perturbation  may  be  arbitrary, 
we  consider  only  a specific  kind:  We  consider  a perturbation  holding  the  power  to 
the  fluid  fixed.  A perturbation  that  increases  the  wall  shear  stress  should  therefore 
decrease  the  wall  speed  and  vice-versa.  To  get  a feel  for  how  a perturbation  may  be 
imposed  at  constant  power  to  the  fluid,  let  us  draw  the  base  curve  with  a series  of 


constant  power  lines  as  in  figure  7.4.  First  observe  from  this  figure  that  the  constant 
power  curve  can  intersect  the  base  curve  only  at  one  point.  Multiple  solutions  are 
not  possible  as  the  condition  that  the  power  has  to  increase  for  an  increase  in  the 
wall  speed  requires  that  along  the  ui)per  branch  the  slope  of  the  base  curve  be  less 
than  the  slope  of  the  curve  of  constant  power  at  the  point  of  intersection  and  only 
one  solution  can  satisfy  this  requiremeihd. 

Figure  7.5  shows  a perturbation  at  constant  power  from  point  S on  the  base 
curve.  Two  possible  scenarios  are  illustrated.  Point  1 illustrates  a perturbation  that 


'^Recall  that  the  same  condition  that  the  power  has  to  increase  witli  an  increase  in  the  wall  speed 
was  used  earlier  to  prove  that  there  are  no  neutral  ])oints  on  the  nipper  branch  at  constant  power. 
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Figure  7.4:  The  Base  curve  drawn  along  with  a series  of  constant  power  curves 

decreases  the  wall  stress  and  point  2 illustrates  a perturbation  that  increases  the  wall 
stress. 

Let  us  first  consider  the  scenario  wherein  the  perturbation  is  such  that  it 
decreases  the  wall  stress  and  hence  increases  the  wall  speed  from  its  set  point.  Now 
the  first  question  one  might  have  is  ’’Should  the  power  to  the  fluid  be  increased  or 
decreased  to  increase  the  wall  stress  back  to  the  set  point?”  Now.  we  know  that 
along  the  upper  branch,  the  steady  state  behavior  is  such  that  an  increase  in  power- 
increases  the  wall  speed  and  decreases  the  wall  stress  and  similarly  a decrease  in 
power  decreases  the  wall  speed  and  increases  the  wall  stress.  However,  that  is  a long 
time  behavior.  VVe  do  not  know  how  these  variables  respond  in  a transient  as  the 
power  is  changed.  .A.s  our  objective  is  to  keep  the  wall  stress  close  to  the  set  point 
for  all  times,  our  interest  is  in  the  short  time  re.sponse  of  the  wall  stress  for  a step 
change  in  power.  .Now.  to  calculate  this,  the  unsteady  nonlinear  equations  of  motion 
and  energy  have  to  be  solved  with  the  imposed  boundary  conditions,  in  this  case,  a 
step  change  in  power.  .\n  endnote  describes  the  details  of  this  calculation.  The  result 
from  the  calculation  is  this:  For  a step  increase  in  power  on  the  upper  branch,  both 
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Figure  7.5;  Two  possible  kinds  of  perturbation  at  constant  power 

the  wall  speed  and  the  wall  stress  increase  spontaneously,  the  percentage  increase 
in  wall  stress  being  higher  than  the  percentage  increase  in  the  wall  speed.  However 
as  time  progresses,  the  wall  stress  starts  to  decrease  and  the  wall  speed  starts  to 
increase  further  till  finally  they  both  reach  the  steady  state  corresponding  to  this 
higher  power.  Similarly,  for  a step  decrease  in  power  on  the  upper  branch^,  both 
the  wall  speed  and  the  wall  stress  decrease  spontaneously,  the  percentage  decrease  in 
the  wall  stress  being  higher  than  the  percentage  decrease  in  the  wall  speed.  And  as 
time  progresses,  the  wall  speed  drops  further  and  the  wall  stress  starts  to  increase  till 
finally  they  both  reach  the  steady  state  corresponding  to  this  lower  power.  Now.  what 
this  result  tells  us  is  that  for  the  case  under  consideration,  where  the  perturbation  has 
decreased  the  wall  stress  from  its  set  point,  the  power  to  the  fluid  must  be  increased 
to  increase  the  wall  stress  back  to  the  set  point.  However,  the  rate  at  which  the  power 
has  to  be  increased  may  be  chosen  arbitrarily.  Depending  on  our  choice,  we  can  end 
up  slightly  to  the  north  of  the  set  point  or  much  farther  north  of  the  set  point.  Once 

the  power  is  adjusted  to  bring  the  wall  stress  back  to  within  the  sensitivity  range 
° assuming  that  the  lower  power  also  corresponds  to  a steady  state  point  on  the  upper  branch 
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Figure  7.6;  A perturbation  that  decreases  the  wall  stress  at  constant  power  and  a 
control  action  to  bring  the  wall  stress  back. 

of  the  instrument,  a further  change  of  power  is  not  required.  We  would  therefore 

hold  the  power  constant  till  the  wall  stress  once  again  deviates.  Now,  look  at  figure 

7.6.  Let  us  say,  as  a response  to  a perturbation  from  to  A,  the  pow'er  is  increased 

from  Pi  to  P2  to  bring  the  wall  stress  back  to  the  set  point.  Now,  at  constant  power. 

p2,  the  steady  state  point  on  the  base  curve  is  82-  We  would  therefore  expect  the 

long  time  response  of  the  flow  to  be  in  the  direction  of  S2,  i.e.  in  the  direction  of 

increasing  wall  speed  and  decreasing  wall  stress  along  the  P2  curve.  It  is  however 

difficult  to  predict  what  happens  for  short  times.  There  are  two  possibilities;  The 

wall  stress  might  start  to  move  to  the  right  initially  and  the  retrace  its  path  towards 

S2  or  it  might  monotonically  move  towards  ^2.  We  will  consider  both  these  cases  to 

see  what  might  happen  when  the  wall  stress  is  controlled.  We  will  go  on  and  make 

our  predictions  for  these  cases.  Later,  in  an  endnote,  we  will  make  a calculation  to 
check  our  predictions. 

Let  us  first  consider  the  case  where  the  initial  response  of  the  system  at  con- 
stant power  is  away  from  the  steady  state.  Figure  7.7  illustrates  a probable  response 
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Figure  7.7:  Dynamic  behavior  when  wall  stress  is  controlled  after  imposing  a pertur- 
bation that  decreases  the  wall  stress  from  the  set  point:  The  case  where  the  initial 
response  of  the  flow  at  constant  power  is  away  from  its  steady  state 


for  one  such  case.  From  flgure  7.7,  observe  that  the  control  action  eventually  brings 
the  wall  speed  back  close  to  the  initial  set  point.  Therefore,  one  might  conclude  that 
in  this  case,  if  we  try  to  control  the  wall  stress  on  the  upper  branch,  the  flow  does 
not  leave  the  upper  branch.  It  stays  close  to  the  set  point  with  an  offset. 

Now,  let  us  consider  the  other  possibility:  the  response  of  the  flow  at  con- 


stant power  is  spontaneously  towards  the  steady  state.  Figure  7.8  shows  a probable 
response  of  a control  action  for  one  such  case.  Here,  an  attempt  to  control  the  wall 
stress  eventually  takes  us  in  the  direction  of  higher  power  and  hence  higher  wall 
speeds.  This  might  go  all  the  way  up  to  infinity^  Thus,  in  both  these  situations,  we 
do  not  get  to  the  lower  branch.  In  the  former  case,  we  remain  close  to  the  set  point 
and  in  the  latter  case,  the  wall  speed  might  go  all  the  way  up  to  infinity. 

One  can  go  on  and  see  what  happens  if  the  initial  perturbation  is  one  that 
increases  the  wall  stress  and  decreases  the  wall  speed.  Figure  7.9  illustrates  this 


6, 


Our  dynamic  calculation  for  this  case  actually  simulated  this  behavior.  We  will  discuss  that 
an  endnote 


m 
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Figure  7.8.  Dynamic  behavior  when  wall  stress  is  controlled  after  imposing  a pertur- 
bation that  decreases  the  wall  stress  from  the  set  point:  The  case  where  the  initial 
response  of  the  flow  at  constant  power  is  towards  its  steady  state 


Figure  7.9.  A perturbation  that  increases  the  wall  stress  and  a control  action  to  bring 
the  wall  stress  back  to  the  set  point. 
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Figure  7.10.  Dynamic  behavior  when  wall  stress  is  controlled  after  imposing  a per- 
turbation that  increases  the  wall  stress:  The  case  where  the  wall  stress  starts  to  move 
away  from  the  set  point  at  constant  power 

scenario.  The  perturbation  at  constant  power  increases  the  wall  stress  from  Si  to 
.4.  At  A.  a control  action  is  taken  to  bring  the  wail  stress  back  to  B which  is 
along  a constant  power  curve  P2.  Once  again,  we  have  two  possibilities  depending 
on  how  the  flow  responds  at  constant  power.  Let  us  first  consider  the  case  where 
the  wall  stress  initially  moves  away  from  the  set  point.  Figure  7.10  shows  a possible 
response  of  a control  action  for  this  case.  In  figure  7.10  we  see  that  the  the  control 
action  eventually  brings  the  wall  stress  back  to  within  the  sensitivity  range  of  the 

instrument.  Therefore,  in  this  case,  trying  to  control  the  wall  stress,  we  do  not  leave 
the  upper  branch. 

Let  us  next  consider  the  case  where  the  initial  response  of  the  wall  stress  at 
constant  power  is  towards  the  steady  state.  Figure  7.11  shows  the  probable  response 
of  a control  action  for  one  such  case.  In  this  case,  we  see  that  the  control  action 
takes  us  all  the  way  to  the  lower  branch  point  corresponding  to  that  wall  stress’. 
Thus  we  find  that  in  only  one  of  the  four  possible  scenarios  that  we  discussed,  the 


Our  dynamic  calculation  for  this  case  actually  simulates  this  behavior. 


Figure  7.11:  Dynamic  behavior  when  wall  stress  is  controlled  after  imposing  a per- 
turbation that  increases  the  wall  stress:  The  case  where  the  wall  stress  starts  to  move 
towards  the  set  point  at  constant  power 

flow  gets  to  the  lower  branch  and  that  too  not  in  a way  we  initially  conjectured.  Our 
original  conjecture  was:  If  we  hold  the  wall  stress  constant  on  the  upper  branch,  the 
flow  jumps  to  the  lower  branch.  In  making  this  conjecture,  we  assumed  that  the  wall 
stress  is  an  input  variable.  However,  in  reality  it  is  an  output  variable.  Therefore, 
even  if  the  flow  gets  to  the  lower  branch,  it  will  not  be  a jump  as  we  thought  initially. 
The  flow  goes  through  a series  of  stages  in  which  at  each  stage  we  adjust  the  power 
to  keep  the  wall  stress  close  to  the  set  point  and  once  the  wall  stress  is  within  the  set 
point  range  of  the  instrument  we  hold  the  flow  at  constant  power  till  the  flow  starts 
to  once  again  deviate  from  the  set  point.  The  dynamics  of  this  step  is  decided  by  the 
fluid  properties.  Once  again  we  respond  to  this  deviation  by  adjusting  the  power. 
The  sequence  goes  on  till  the  steady  state  point  on  the  lower  branch  is  reached. 
Thus  the  dynamics  of  the  flow  going  from  the  upper  branch  to  the  lower  branch 
is  not  as  dramatic  as  we  initially  conjectured.  An  experimental  veriflcation  of  this 
thought-experiment  was  not  carried  out. 
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to  keep  the  wall  stress  close  to  the  set  point  and  once  the  wall  stress  is  within  the  set 

point  range  of  the  instrument  we  hold  the  flow  at  constant  power  till  the  flow  starts 

to  once  again  deviate  from  the  set  point.  The  dynamics  of  this  step  is  decided  by  the 

fluid  properties.  Once  again  we  respond  to  this  deviation  by  adjusting  the  power. 

The  sequence  goes  on  till  the  steady  state  point  on  the  lower  branch  is  reached. 

Thus  the  dynamics  of  the  flow  going  from  the  upper  branch  to  the  lower  branch 

is  not  as  dramatic  as  we  initially  conjectured.  An  experimental  veriflcation  of  this 

thought-experiment  was  not  carried  out. 

In  the  next  chapter,  we  will  discuss  the  experimental  design  to  achieve  the 

objective  of  obtaining  the  base  curve.  We  will  also  compare  our  experimental  base 

curve  with  the  theoretical  predictions.  Before  we  proceed  to  do  that,  a set  of  endnotes 

that  are  related  to  the  discussion  in  the  main  body  of  this  chapter  are  provided. 

7.1  Endnotes 

7.1.1  A note  about  the  Boundary  Condition  at  Constant  Power 

In  the  main  body  of  this  chapter,  while  we  were  discussing  the  perturbed 
equations  at  constant  power,  we  introduced  the  following  boundary  condition  at 
constant  power 

nz=W  ry=B 

/ / {VlT^zoi^  = 1)  + = 1)}  dydz  = 0 

J z—0  '/  y=0 

As  we  proceeded  to  the  zero  wave  number  limit  of  the  perturbed  equations,  this 
integral  condition  reduced  to  a pointwise  condition.  In  this  endnote,  we  will  make 
some  observations  about  the  integral  condition  as  it  stands.  First  observe  that  if  we 
pretend  to  send  the  power  directly  to  the  fluid  instead  of  a plate,  then  the  perturbed 
velocity  at  x = 1,  Vj,  may  be  a function  of  y and  z.  Under  these  conditions,  the 
above  integral  condition  does  not  lead  to  a well  posed  problem  as  more  than  one 
variation  of  Vj  and  can  satisfy  this  equation.  However,  in  an  experiment  if  we 
actually  send  power  to  the  plate  that  shears  the  fluid.  Then  V\  cannot  be  a function 
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of  y and  The  boundary  condition  then  simplifies  to 


■w  r 


0 


dv 


dx 


0 


dz  = -ViT^ 


xzq 


- x=\ 


if  we  assume  infinitely  conducting  walls.  Here,  Vi  is  an  unknown  constant  and  is 
determined  as  a part  of  the  solution.  In  this  formulation,  the  problem  is  solvable. 
However,  we  did  not  solve  the  problem  in  this  formulation  and  proceeded  to  the  zero 
wave  number  limit  of  these  equations  as  we  anticipated  to  obtain  analytical  results 
at  zero  wave  number.  This  is  in  view  of  the  fact  that  earlier  we  obtained  analytical 
results  both  at  constant  wall  speed  and  at  constant  wall  stress  for  a zero  wave  number 


disturbance. 


Now,  if  we  include  the  wall  in  the  model,  we  cannot  expand  the  variables  in 

/ 

a Fourier  mode  to  reduce  the  partial  differential  equations  to  ordinary  differential 

equations:  the  wall  is  rigid  and  it  cannot  allow  any  spatial  variation  in  its  velocity. 

Now,  to  simplify  the  calculation  and  at  the  same  time  not  lose  the  essence  of  the 

model,  the  following  approximation  may  be  useful.  The  equations  in  the  domain 

may  be  expanded  in  Fourier  mode  pretending  that  the  wall  does  not  exist.  And  while 

writing  the  boundary  condition  at  constant  power,  replace  the  integral  condition  by 

a pointwise  condition  under  the  assumption  that  the  power  input  is  uniform.  The 

resulting  model  is  a set  of  ordinary  differential  equation  with  a pointwise  boundary 

condition  for  power.  This  in  fact  is  the  model  that  we  will  use  when  we  solve  the 

problem  of  Taylor  instability  at  constant  power  input. 

7.1.2  A Proof  to  show  that  Wall  Speed  increases  with  Power 


In  this  endnote,  we  will  try  to  prove  that  an  increase  in  power  to  the  fluid 
ought  to  produce  an  increase  in  the  wall  speed.  To  do  this,  first  recall  that  we  have 
already  proved  in  chapter  2 that  as  the  power  increases,  the  temperature  gradient  at 
the  wall  increases.  Mathematically  this  condition  is  seen  from  the  equation 

K,r,,„  = -2^(.r  = l) 

ax 
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Now,  if  we  can  could  assert  that  as  the  temperature  gradient  at  the  wall  increases, 
the  temperature  everywhere  in  the  gap  increases,  then  we  would  have  the  following 
result:  With  an  increase  in  power,  the  temperature  in  the  gap  increases.  Now,  if  we 
could  further  prove  that  with  an  increase  in  the  temperature  of  the  fluid  in  the  gap, 
the  wall  speed  increases,  then  we  would  have  proved  that  with  an  increase  in  power, 
the  wall  speed  increases.  To  do  this,  first  consider  the  temperature  equation 

j;r+/«4.=0  (7.17) 


with 


0o{x  = ±1)  = 0 


Differentiating  this  equation  with  respect  to  Vq,  we  obtain 


d20, 


0 


d.x^ 


+ fo'^Lo^^O  = -2foTxz„f: 


XZq  ' xzq 


(7.18) 


with 

9o{x  = ±1)  = 0 

where  9q  = Now,  at  t^zq  = 0,  this  equation  along  with  the  boundary  condition 

tells  us  that  Oq  is  zero.  This  implies  that  the  6^0  vs.  Vq  curve  starts  with  a slope  of  zero. 

For  small  values  of  t^zq  along  the  lower  branch,  assuming  that  the  term  with  can 

• • 

be  neglected,  it  follows  that  9o  is  positive  as  the  curvature  of  0o  is  negative  and  it  is 
zero  at  the  boundaries.  Now,  it  can  be  further  shown  that  for  any  value  of  along 
the  lower  branch,  is  positive.  We  do  this  again  with  a proof  by  contradiction.  To 

do  this,  we  will  assume  that  6*0  = 0 somewhere  in  the  interior  and  see  whether  we  end 

• • 

up  with  a contradiction.  Putting  6^0  = 0 ^0  equation  leads  to  the  condition  that 

its  curvature  must  be  negative  at  that  point.  Now  as  9^  rises  from  zero  at  this  point, 

its  curvature  is  positive  which  is  in  contradiction  to  the  condition  that  we  obtained 

• • 

by  setting  0q  = 0.  Therefore  we  have  proved  by  contradiction  that  0^  is  positive  along 

the  lower  branch. 
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At  the  nose,  f^zo  = 0 and  therefore  Oq  oc  (f>i.  To  obtain  the  proportionality 
constant,  differentiate  the  equation 


bo  = T-xzn  / /oda; 


-1 


with  respect  to  Vq  to  obtain 


1 = r. 


XZq 


foOodx 


-1 


Putting  9q  = K(f)\  in  this  equation,  we  obtain  for  the  proportionality  constant 


K = 


1 


Przo  J-i  fo^ldx 


from  which  we  obtain  for 


^0  = 


0: 


Przo  f_i  fo^ldx 


Obviously,  Oq  is  positive  at  the  nose  as  all  the  quantities  in  this  equation  are  positive. 
Thus  we  have  proved  that  9q  is  positive  up  to  and  including  the  nose.  It  is  therefore 
certain  that  9o  remains  positive  at  least  for  some  distance  along  the  upper  branch. 
Therefore  we  conclude  that  as  the  power  to  shear  the  fluid  is  increased,  the  wall  speed 
increases,  at  least  for  some  distance  along  the  upper  branch. 


7.1.3  A comment  on  Stability  at  Constant  Input  Power 

In  the  main  body  of  this  chapter,  we  found  out  that  the  entire  base  solution 
curve  is  stable  to  small  perturbations  at  constant  power.  This  result  does  raise  the 
following  question:  ’’Why  don’t  we  see  any  neutral  points  along  the  upper  branch  at 
constant  power  as  the  constant  power  boundary  condition  is  a linear  combination  of 
the  boundary  condition  at  constant  wall  speed  and  boundary  condition  at  constant 
wall  stress  and  we  know  that  at  constant  wall  stress,  a is  positive  along  the  upper 
branch  and  at  constant  wall  speed  a is  negative  along  the  upper  branch?”  To  answer 
this  question,  consider  the  mixed  boundary  condition  at  x = 1, 

Vi  + Kf^zi  = 0 
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where  K is  an  arbitrary  positive  constant.  We  can  readily  attach  a physical  signifi- 
cance to  this  boundary  condition  for  the  following  cases: 

• When  K ^ 0,  we  recover  the  case  of  constant  wall  speed. 

• When  K — > oo,  we  recover  the  case  of  constant  wall  stress. 


• When  K = Vq/t^zo,  then  we  recover  the  case  of  constant  input  power. 


For  any  other  value  of  K,  we  may  not  be  able  to  attach  a physical  significance  for  this 
boundary  condition.  Nevertheless,  studying  the  stability  of  the  flow  for  an  arbitrary 
value  of  K,  throws  some  light  on  the  stability  results  that  we  obtained  at  constant 
input  power. 

As  before,  we  look  for  points  of  neutral  stability  along  the  base  solution  curve 
with  this  boundary  condition.  Following  the  same  procedure  adapted  for  the  constant 

/N 

power  boundary  condition  and  using  the  fact  that  Vijr^zi  = ~K  now,  we  get  the 
following  condition  for  neutral  stability  everywhere  along  the  base  curve  except  at 
the  nose. 


dVc 


0 


dr. 


= -K 


(7.19) 


xzo 


where  Kc  is  the  critical  value  of  K at  which  a = 0.  As  K is  positive,  this  condition 
can  never  be  satisfied  along  the  lower  branch  as  dVo/dr^zo  is  positive  along  the  lower 
branch.  But  along  the  upper  branch,  the  condition  required  by  this  equation  can  be 
satisfied  as  along  this  branch  dVa/dTxzo  is  negative.  By  comparing  the  above  equation 


with  the  equation 


<\Vq/c\Tz:zo  < 


Vr 


0 


r. 


XZO 


it  is  obvious  that  Kc  > Vo/r^zo-  This  explains  why  we  never  encountered  any  points 
of  neutral  stability  on  the  upper  branch  for  the  case  of  constant  power  input,  i.e. 
when  K = Vq/Ttzo- 


Table  7.1.3  below  shows  Kc  = dbo/drxzo  calculated  numerically  for  a few 


points  along  the  upper  branch  along  with  the  value  of  Vq/t’xzo  those  points.  This 
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Table  7.1:  Comparison  of  the  critical  value  of  K,  Kc  — (IVo/drj;^^  with  Vo/t^zo  on  the 
upper  branch  for  a mixed  boundary  condition 


'^XZq 

^ ()!  '^XZq 

Kc 

0.93 

5.3 

-53.5 

0.9 

6.7 

-30.6 

0.7 

17.0 

-34.52 

0.5 

43.3 

-69.8 

0.3 

154.7 

-216.7 

0.15 

783.0 

-1012.7 

table  numerically  confirms  the  reason  for  the  absence  of  neutral  points  on  the  upper 
branch. 

7.1.4  A comment  on  the  Taylor  Instability  Problem 

In  the  main  body  of  this  chapter,  we  learned  that  the  dynamics  of  the  Couette 
fiow  experiments  may  approach  the  constant  wall  speed  conditions  if  the  system  is 
massy  compared  to  the  fluid.  In  this  endnote,  we  will  show  that  this  is  indeed  true  by 
considering  one  of  the  classical  problems  in  fluid  dynamics:  the  problem  of  centrifugal 
instability  between  concentric  cylinders.  The  stability  calculation  for  the  boundary 
conditions  of  constant  wall  speed  and  constant  power  conditions  for  this  problem 
will  be  performed  and  the  critical  rprn  at  the  onset  of  Taylor  instability  will  then  be 
calculated.  We  will  then  compare  the  result  of  the  critical  rpin  obtained  from  these 
calculations  with  that  of  the  experimentally  observed  rpm  at  the  onset  of  instability. 
We  will  find  that  the  experimental  result  for  the  critical  rpm  matches  the  numerical 
results  for  the  condition  of  constant  wall  speed  thus  confirming  that  the  inertia  of 
the  system  makes  the  dynamics  approach  the  constant  wall  speed  conditions. 

What  we  mean  by  the  constant  power  condition  ought  to  be  made  clear  before 
proceeding  any  further:  In  performing  the  stability  calculation,  we  carry  out  a Fourier 
series  expansion  of  the  variables  pretending  that  the  solid  wall  does  not  exist  and  while 
writing  the  boundary  conditions  for  the  wall  at  which  the  power  is  fixed,  replace  the 
integral  expression  by  an  algebraic  expression  that  would  have  been  obtained  were 
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the  power  input  be  uniform.  With  this  simplification,  the  problem  becomes  easily 
solvable  and  we  assume  that  this  is  a reasonable  approximation  and  would  give  us 
results  which  are  close  to  what  exactly  goes  on  in  a real  situation. 

While  studying  the  problem  of  centrifugal  instability,  we  will  restrict  ourselves 
to  the  case  of  constant  viscosity.  The  perturbed  equations  for  this  case  will  be  written 
for  axisymmetric  conditions,  as  we  observe  in  our  experiments  that  at  the  onset  of 
Taylor  instability,  the  flow  is  axisymmetric.  Under  these  conditions,  the  perturbed 
equations  are 


where  = 


I i JL  _L  _2i 

dr'2  f Qf  Qz2 


where  u is  the  kinematic  viscosity  jj,/ p.  Now,  anticipating 


periodic  solutions,  we  write® 


Uri  = cos(/?z) 

vox  = cos(/6z) 

Vzi  - Vzx^"'^  sin{Pz) 

P\  = cos{/3z) 

in  the  perturbed  equations  to  obtain  the  equation  of  continuity: 

D^Vr^  + = 0 (7.24) 

® Observe  that  the  z direction  in  circular  Couette  flow  is  analogous  to  the  y direction  in  plane 
Couette  flow.  Hence  the  wave  number  (5  is  chosen  in  the  z direction  in  circular  Couette  flow  to  be 
consistent  with  our  earlier  definition  of  the  wave  number,  (5  in  the  y direction  for  plane  Couette 
flow. 
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r component  of  the  equation  of  motion: 


iy(DD,~  -~)vr,+2'^vg, 
\ V / T 


— ('t- 

dr  y p 


9 component  of  the  equation  of  motion: 


U i^DD^  - 0^  - {D*Vg^){Vri)  = 0 


2 component  of  the  equation  of  motion: 


Vzi  = -P 


Ih 

P 


where  D = 4~  and  = 4-  + - 

dr  ^ dr  r 


(7.25) 


(7.26) 


(7.27) 


Now,  first  eliminating  Vzi  using  the  z component  of  the  equation  of  motion 
and  the  equation  of  continuity,  we  obtain  for  the  pressure 


P‘ 


DD. 


0‘-- 
US 


El 

P 


Inserting  this  expression  for  pi  in  the  r component  of  the  equation  of  motion,  we 


obtain 


u 


P‘- 


DD,  -(5^-- 

/y  J 


a 


[DZ}*  - pP'\  hri  = 2 


r 


vei 


This  equation  together  with  the  9 component  of  the  equation  of  motion 


U (dD^  - 0^  - Vg^  = {D^VgJ{Vr0 

must  be  solved  to  get  a for  any  given  conditions  of  vg^,  p,  u.  For  a constant  viscosity 
liquid  Vog  = Ar  + B /r  where  A,  B are  constants  to  be  obtained  from  the  boundary 
conditions.  If  the  outer  cylinder  rotates  with  an  angular  speed  Q2  and  the  inner 
cylinder  rotates  with  an  angular  speed  fli,  then  A = —Vtirp and  B — 
where  lo  = 

Now,  scaling  r with  respect  to  ?'2  such  that  r*  = r/r2,  P with  respect  to  T2 
such  that  P*  = pV2  and  scaling  a with  respect  to  r\ju  such  that  a*  = crj-^/n,  we 
obtain  after  dropping  the  *, 


[DD,  -p'^-a 


DD^ 


u 


V0i 
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and 


2A 

DD^  — 0^  - a\  V0^  = — R^Vri 


V 


Now,  making  the  transformation, 


2ARl 

u 


Vri  r^rj 


the  equations  become 


[DD,  - (5^  -a]  [DD^  - (5^]  -0,,  = -4T 


V(1  - uj){l  - ! rf)  ,,2  ( 1 


{{l-rfY) 


P \ - n]v0^ 


and 


[DD.  - 0^  - a 


Ve,  = Vr, 


where 


T = 


n\R\ 


V 


and 


K = 


1 — U)/0^ 
1 — UJ 


Now,  we  do  not  know  whether  a is  indeed  real  in  these  equations.  However, 
at  the  onset  of  Taylor  instability,  the  experiments  show  that  the  emerging  flow  is 
steady.  Therefore,  we  assume  a is  real  and  look  for  points  where  the  base  flow  goes 


unstable  by  setting  cr  = 0 in  these  equations.  At  cr  = 0,  the  equations  become 


[DD,-0^Yvr,  = -4T 


7f{l  -u;){l  -uj/rj^)  ^,2  ( 1 


((l-r;2)2) 


0^  i^]Ve, 


(7.28) 


and 


DD^  - /3^]  V0^  = Vr^ 


(7.29) 


The  boundary  conditions  on  these  variables  are 


hri  {r  = ?/,!)  = Dvr^  {r  -r],l)  = V0^  (r  = r/,  1)  = 0 


if  the  rpm  is  held  fixed  at  r = 77  and 

hri  (r  = 77)  = Dvri  (r  = 77)  = — (r  = 77)  + Dve,  (r  = 77)  = 0 

77(1  - qA 
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and 

i)r,{r  = 1)  = DvrAr  = 1)  = = 1)  = 0 

if  the  power  is  held  fixed  at  r = r;.  Observe  that  under  both  the  limits  — >•  0, 1>  th® 
boundary  conditions  at  constant  wall  speed  are  recovered. 

From  these  equations,  for  a given  radius  ratio  rj  and  for  a given  ratio  of 
we  can  obtain  the  critical  Taylor  number  at  which  the  flow  goes  unstable.  To  get 
this,  we  finite  difference  the  equations  and  write  the  resulting  equations  at  neutral 
conditions  in  the  form  Au  = TBu  and  obtain  the  Taylor  number,  T as  the  eigenvalue. 

We  perform  the  calculation  for  the  specific  case  of  the  inner  cylinder  rotating 
and  the  outer  cylinder  fixed.  For  this  case  ^2  = 0 and  hence  k = 1.  Table  7.1.4 
shows  the  result  both  for  the  conditions  of  constant  wall  speed  and  constant  wall 
power  for  this  case.  Now  before  we  go  on  to  compare  the  numerical  results  with  the 
experimental  results,  there  is  an  extremely  interesting  aspect  of  the  result  that  is 
worth  explaining:  The  critical  Taylor  number  has  a minimum  for  a radius  ratio  of  0.5 
both  at  constant  rpm  and  constant  power.  Now,  this  implies  there  are  possibly  two 
different  effects  which  resist  an  instability  to  set  in  in  this  problem:  one  dominating 
at  high  radius  ratios  and  the  other  dominating  at  low  radius  ratios  and  both  these 
effects  have  their  least  significant  at  77  = 0.5  which  is  neither  a thin  gap  nor  a thick 
gap.  Hence  at  t]  = 0.5,  the  critical  Taylor  number  shows  a minimum.  Therefore, 
we  will  consider  the  two  limits,  > 0 and  r;  ^ 1 and  explain  why  the  critical  rpm 
should  be  high  in  both  the  limits.  In  this  argument,  we  will  fix  the  outer  radius,  T2 
as  this  would  ensure  that  for  a fixed  fluid,  an  increase  in  Taylor  number  is 

tantamount  to  an  increase  in  rpm,  fli.  First,  let  us  consider  low  radius  ratios.  For  a 
fixed  r2,  when  77  0,  r\  is  small.  This  then  means  that  for  a fixed  the  centrifugal 

force,  that  causes  the  instability,  is  small.  Consequently,  a high  enough  rpm 

is  required  to  generate  the  instability.  On  the  other  hand,  at  high  radius  ratios,  r\  is 
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Table  7.2:  The  critical  Taylor  number  for  various  radius  ratios  at  constant  rpm  and 
at  constant  power  


V 

The  critical  Taylor  number,  T*  at 

Constant  rpm 

Constant 

power 

percentage  difference 

0.95 

1.51 

X 

10^ 

1.20 

X 

10^ 

20.0 

0.75 

2.09 

X 

10^ 

1.72 

X 

10^ 

17.7 

0.50 

7.43 

X 

10'‘ 

6.40 

X 

10^ 

13.9 

0.35 

9.46 

X 

10^ 

8.44 

X 

10^ 

10.8 

0.25 

1.76 

X 

10^ 

1.62 

X 

10^ 

8.0 

0.15 

6.78 

X 

10® 

6.46 

X 

10^ 

4.7 

0.10 

2.43 

X 

10® 

2.36 

X 

10® 

2.9 

very  close  to  V2  and  hence  it  is  difficult  for  the  fluid  to  turn  over  in  the  small  gap  of 
r2  — ri . Therefore,  once  again  a very  high  rpm  is  required  to  generate  the  instability. 

Now,  getting  back  to  the  comparison  of  the  numerical  predictions  with  the 
experimental  results,  we  find  that  for  a radius  ratio  of  0.75,  the  Taylor  number  at 
constant  wall  speed  is  2.09  x 10^  and  at  constant  power  is  1.72  x 10^.  For  a liquid 
of  100  centistokes  and  for  a geometry  with  an  outer  radius  of  1 inch,  this  translates 
an  rpm  of  678  at  constant  wall  speed  and  555  at  constant  power.  Now,  we  find 
from  our  experiments  that  the  critical  rpm  for  the  onset  of  Taylor  instability  is  677 
which  matches  the  theoretical  results  at  constant  speed.  Hence,  we  conclude  that  the 
dynamics  of  our  system  approaches  the  constant  wall  speed  conditions  even  though 
the  power  is  the  input  and  this  is  due  to  the  large  inertia  of  the  system. 

Before  we  close  this  endnote,  it  is  worth  recalling  that  our  bifurcation  pa- 
rameter in  this  calculation  was  the  Taylor  number  which  when  unsealed  for  a fixed 
outer  radius  and  for  a fixed  fluid  yields  the  critical  rpm  at  the  onset  of  instability. 
Therefore,  it  follows  that  for  a fixed  fluid  and  fixed  outer  radius,  the  critical  rpm  also 
behaves  qualitatively  like  the  critical  Taylor  number,  having  a minimum  at  r/  = 0.5. 
Now,  it  might  be  of  some  interest  to  see  what  some  other  parameters  like  the  linear 
speed,  the  torque,  the  angular  momentum  per  unit  volume  and  the  power  to  the  fluid 
behave  at  the  onset  of  instability  as  a function  of  radius  ratio,  77.  Therefore,  we  will 
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calculate  these  quantities  at  the  onset  of  instability  next.  We  will  look  at  the  case 
of  constant  wall  speed  boundary  condition  to  do  this  calculation.  A brief  note  about 
how  each  of  these  variables  is  calculated  niav  be  useful. 

The  critical  rpm  is  obtained  form  the  Taylor  number,  T using  the  formula 

= Vf*u/R^ 

The  linear  speed,  Vi  is  obtained  from  the  formula 

lu  =QiRi 

and  the  critical  Torque  r using 

2 

T = Ati^lR^L — ^ — -f2i 

1 - rf  ^ 

The  angular  momentum  per  unit  volume  A is  calculated  using  the  formula 

A = pr\i\i 

and  the  power,  P using  the  formnla 


P = rQi 


Table  7.3  reports  the  critical  parameters  as  a function  of  radius  ratio  for  a geometry 
with  an  outer  radius  of  1 inch  and  a length  of  34  cm. 

From  the  table,  we  find  that  the  torque  and  the  angular  momentum  at  the 
onset  decrease  monotonically  with  a decrease  in  radius  ratio  whereas  the  power  to  the 
fluid  and  the  linear  speed  show  a similar  trend  as  the  rpm  initially  decreasing  with 
a decrease  in  radius  ratio  and  thereafter  increasing  with  a decrease  in  radius  ratio. 
However  compared  to  their  initial  drop,  these  quantities  do  not  rise  much  above  the 


minimum. 
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V 

P 

Taylor  no. 

f2i,rpm 

Ui,  rn/s 

r, lb-in 

A,kg/m^s 

Power,  hp 

0.95 

62.8 

1.51  X 10^ 

5752 

14.00 

13.6 

350 

1.24 

0.75 

12.56 

2.09  X 10^ 

678 

1.35 

0.22 

25.7 

2.36  X 10“® 

0.50 

6.32 

7.43  X 10^ 

403 

0.53 

0.034 

6.81 

2.15  X lO-'* 

0.35 

4.92 

9.46  X 10^ 

454 

0.42 

0.017 

3.76 

1.16  X lO-'* 

0.25 

4.32 

1.76  X 10^ 

621 

0.42 

0.018 

2.61 

1.03  X 10-4 

0.15 

3.90 

7.35  X 10^ 

1217 

0.49 

0.0072 

1.82 

1.38  X 10-4 

0.10 

3.73 

2.43  X 10® 

2309 

0.61 

0.0060 

1.56 

2.18  X 10-4 

Table  7.3:  The  critical  parameters  for  various  radius  ratios  at  constant  rpm 


7.1.5  Simulation  of  the  dynamics  of  the  Nonlinear  Equations 

In  this  section,  we  will  provide  the  results  of  the  numerical  calculations  that 
simulate  the  dynamic  behavior  of  the  wall  sjjeed  and  the  wall  stress  for  various 
imposed  conditions  on  power.  To  do  the  calculation,  we  consider  the  scaled  nonlinear 
equations  and  put  v = Vz{x,t)  and  0 = 0{x,t)  in  them.  Under  these  assumptions, 
the  scaled  equations  of  motion  and  energy  become 


dvz  d 
dt  dx 


d^ 

(\x 


dx 


2 


respectively.  We  assume  perfectly  conducting  walls  at  the  bottom  and  at  the  top. 
Hence,  9{x  = ±1)  = 0 for  all  times.  The  bottom  wall  is  fixed  and  therefore  Vz{x  = 
— 1)  ==  0 for  all  times.  We  choose  a Pr  ==  1 for  this  calculation.  A finite  difference 
scheme  on  both  the  position  and  time  is  used  for  the  calculation. 

The  first  calculation  simulates  the  dynamics  of  the  wall  speed  and  the  wall 
stress  for  a step  increase  in  power.  To  do  this  calculation,  we  start  from  a steady  state 
operating  point  on  the  upper  branch,  that  corresponds  to  a wall  speed  Vi  = 21.69, 
the  wall  stress,  r^zi  = 0.5  and  power  Pi  = 10.845  and  then  provide  a step  increase  in 
power  to  5*2  that  corresponds  to  V2  = 35.02,  = 0.3667,  P2  = 12.845.  Figure  7.12 


shows  the  initial  and  final  steadv  states, 
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Figure  7.12:  Step  change  in  power:  The  initial  and  the  final  steady  state  points 

Figure  7.13  shows  the  evolution  of  the  wall  speed  and  figure  7.14  shows  the 
evolution  of  the  wall  stress  when  a step  increase  is  made  to  the  power.  We  see  from  the 
graph  that  both  the  wall  speed  and  the  wall  stress  initially  increase  with  an  increase 
in  the  power.  The  percentage  change  in  wall  stress  is  however  much  larger  than  the 
percentage  change  in  the  wall  speed.  As  time  progresses,  the  wall  stress  decreases 
and  the  wall  speed  increases  further  and  the  system  eventuallv  reaches  the  steadv 
state  corresponding  to  the  new  power,  P^.  Likewise,  we  considered  a case  where  a 
step  decrease  is  made  in  power  from  S\  to  where  ^3  corresponds  to  V3  = 13.41, 

'^xz2,  — 0.6598,  P3  = 8.845  in  figure  7.12.  Figure  7.15  shows  the  evolution  of  the  wall 
speed  and  figure  7.16  of  the  wall  stress. 

Our  next  calculation  simulates  the  response  of  the  wall  speed  and  the  wall 
stress  as  we  control  the  wall  stress  on  the  upper  branch.  To  do  this  calculation, 
we  first  have  to  impose  a perturbation  holding  the  power  constant.  To  do  this,  we 
assume  that  our  instrument  can  read  the  wall  shear  stress  with  a sensitivity  of  1%. 
Therefore,  we  choose  the  initial  perturbation  in  shear  stress  to  be  larger  than  1%.  A 
set  point  wall  stress  of  0.5  on  the  upper  branch  is  chosen.  The  steady  state  velocity 


wall  stress  (scaled)  wall  speed  (scaled) 


Figure  7.13: 


Step  increase  in  power: 


The  response  of  wall  speed 


Figure  7.14:  Step  increase  in  power:  The  response  of  wall  stress 


wall  stress  (scaled)  wall  speed  (scaled) 


Figure  7.15:  Step  decrease  in  power:  The  response  of  wall  speed 


Figure  7.16:  Step  decrease  in  power:  The  response  of  wall  stress 
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Figure  7.17:  The  dynamics  of  the  wall  stress  when  a perturbation  that  decreases  the 
wall  stress  is  imposed  and  a control  action  is  then  instituted  to  keep  the  wall  stress 
close  to  the  set  point 

corresponding  to  this  wall  stress  is  21.69  and  the  steady  state  power  is  10.845.  In 
doing  this  calculation,  first  a perturbation  that  decreases  the  wall  stress  is  imposed. 
As  a response,  the  power  is  increased  to  bring  the  wall  stress  back  to  the  set  point. 
Then  the  system  is  run  at  constant  power  till  the  wall  stress  once  again  moves  away 
from  the  set  point.  Figure  7.17  shows  the  evolution  of  the  wall  stress  and  figure  7.18 
shows  the  evolution  of  the  wall  speed  for  this  sequence  of  actions.  Observe  from 
figure  7.18  that  the  velocity  monotoiiically  increases  with  time.  Thus  in  this  case,  as 
we  attempt  to  control  the  wall  stress,  the  wall  speed  goes  all  the  way  up  to  infinity. 

Next  we  considered  a perturbation  that  increases  the  wall  stress  at  constant 
power  and  carried  out  a calculation  to  simulate  the  response  of  the  wall  speed  and 
the  wall  stress  as  we  control  the  wall  stress.  Figure  7.19  shows  the  evolution  of  the 
wall  stress  and  figure  7.20  shows  the  evolution  of  the  wall  speed  for  this  case.  As  we 
see  from  the  dynamics  of  the  wall  speed,  the  fiow  goes  to  the  lower  branch  in  this 


case. 
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Figure  7.18:  The  dynamics  of  the  wall  speed  when  a perturbation  that  decreases  the 
wall  stress  is  imposed  and  a control  action  is  then  instituted  to  keep  the  wall  stress 
close  to  the  set  point. 
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Figure  7.19:  The  dynamics  of  the  wall  stress  when  a perturbation  that  increases  the 
wall  stress  is  imposed  and  a control  action  is  then  instituted  to  keep  the  wall  stress 
close  to  the  set  point.  Inset  shows  a magnified  view  of  the  dynamics  of  the  wall  stress 
for  a scaled  time  between  t = 335  and  t = 370. 


wall  speed  (scaled) 
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Figure  7.20:  The  dynamics  of  the  wall  speed  when  a perturbation  that  increases  the 
wall  stress  is  imposed  and  a control  action  is  then  instituted  to  keep  the  wall  stress 
close  to  the  set  point. 


CHAPTER  8 

EXPERIMENTAL  DESIGN  AND  RESULTS 


In  the  previous  chapter,  we  concluded  that  it  is  indeed  possible  to  obtain 
the  base  curve  in  a circular  Couette  flow  experiment  by  inputting  the  power  and 
measuring  the  output  variables,  viz.  the  torque  and  the  rpm.  This  conclusion  was 
based  on  the  result  that  the  flow  is  stable  under  constant  power  input.  In  this  chapter, 
we  will  first  discuss  the  design  of  an  experiment  to  achieve  this  objective.  Then  we 
will  compare  the  curve  of  the  torque  vs.  rpm  obtained  from  an  experiment  with 
the  curve  from  a theoretical  prediction.  It  turns  out  that  there  is  a good  agreement 
between  the  experimental  results  and  the  theoretical  predictions. 

Eigure  8.1  is  a depiction  of  the  experiment.  Power  from  the  motor  is  put  in 
to  run  the  outer  cylinder.^  The  torque  and  the  rpm  are  then  the  measured  output 
variables.  Now,  in  a typical  experiment  like  this,  we  are  practically  constrained  by 
the  maximum  rotational  speeds  that  we  can  go  to.  One  of  the  important  objectives  of 
our  experimental  design  is  therefore  to  help  us  get  to  the  nose  of  the  base  curve  and 
beyond  with  a minimum  expenditure  on  rpm.  A suitable  choice  of  an  experimental 
liquid  turns  out  be  critical  in  meeting  this  objective.  Now,  before  we  go  on  to  look 
for  the  properties  of  the  liquid  that  affect  our  objective,  the  following  statement  may 
be  treated  as  a rough  guideline  to  predict  the  shape  of  the  base  curve:  the  torque 
increases  roughly  as  the  product  of  the  average  viscosity  and  the  rpm.  With  this 
statement  in  mind  observe  that  with  an  increase  in  rpm,  the  temperature  in  the 
gap  increases.  Therefore,  the  average  viscosity  falls.  Hence,  depending  on  whether 

the  increase  in  rpm  is  stronger  or  the  decrease  in  the  average  viscosity  is  stronger, 
^To  avoid  Taylor  instability,  we  spin  the  outer  cylinder,  keeping  the  inner  cylinder  fixed. 
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Figure  8.1:  Experimental  Setup 


197 


the  torque  either  increases  or  decreases  with  an  increase  in  rpm.  Hence,  any  design 
measure  we  take  towards  decreasing  the  viscosity  of  the  liquid  for  a given  rpm  works 
in  favor  of  our  objective. 

The  two  most  important  properties  that  dictate  the  choice  of  an  experimental 
liquid  are  the  following:  (1)  Sensitivity  of  its  viscosity-temperature  relationship.  (2) 
Its  viscosity  at  room  temperature.  Now,  the  viscosity  of  liquids  typically  decrease  ex- 
ponentially with  an  increase  in  temperature.  Therefore,  for  a given  viscosity  at  room 
temperature,  it  is  obvious  that  the  higher  the  sensitivity  of  the  viscosity-temperature 
relationship,  the  lower  the  rpm  at  which  a nose  occurs.  However,  it  is  not  enough  for 
the  liquid  just  to  have  a strong  temperature  dependence  on  viscosity.  It  must  also 
have  a reasonably  high  viscosity  at  room  temperature.  This  is  required  to  generate 
enough  heat  to  raise  its  temperature  appreciably.  Only  then  will  the  viscosity  drop 
low  enough  so  as  to  generate  a nose  at  a lower  rpm. 

Sukanek,  in  his  experiments  to  obtain  the  base  curve,  used  Arochlor  as  the 
experimental  liquid.  Arochlor  has  an  extremely  strong  viscosity  dependence  on  tem- 
perature and  has  a high  viscosity  at  room  temperature.  Its  viscosity  at  25°C  is  4 x 10'^ 
poise  and  drops  by  a factor  of  four  for  every  5°C.  This  makes  it  an  ideal  choice  for 
an  experiment.  However,  at  present,  the  use  of  Arochlor  is  banned.  Alternately,  we 
found  that  a viscosity  standard  S-2000  supplied  by  the  Cannon  Company  meets  these 
two  requirements  reasonably  well.  Table  8.1  shows  the  viscosity-temperature  data 
for  S-2000.  An  exponential  sensitivity  was  fit  to  the  data  using  ^ 
sensitivity  S between  25°C  and  66°C  was  found  to  be  0.0757.  Figure  8.2  shows  the 
plot  of  the  fit  along  with  the  data.  Table  8.2  shows  the  comparison  of  the  viscosity 
data  with  the  fit  at  various  temperatures.  From  the  table  observe  that  the  fit  over- 
predicts the  viscosity  till  47°C  and  underpredicts  it  beyond  47°  C.  We  will  elaborate 
on  this  when  the  design  calculations  are  discussed.  Now,  it  turns  out  that  S-2000 
is  a mixture  of  polybutenes.  Therefore,  we  assumed  its  thermal  conductivity  to  be 
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Table  8.1:  The  viscosity-temperature  data  for  the  experimental  liquid. 


T C 

p,  c.p 

20 

8961 

25 

5651 

32 

3117 

37.78 

1969 

40 

1664 

47 

1004 

54 

632 

60 

438 

66 

311 

Table  8.2:  The  comparison  of  the  viscosity  data  with  the  fit. 


T °C 

/i,  c.p  (data) 

/u,  c.p  (fit) 

25 

5651 

5651 

32 

3117 

3326 

37.78 

1969 

2147 

40 

1664 

1815 

47 

1004 

1068 

54 

632 

629 

60 

438 

399 

66 

311 
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Figure  8.2:  Viscosity-temperature  data  for  the  experimental  liquid  plotted  along  with 
an  exponential  fit. 
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that  of  polybutene  and  chose  k = 0.22  J/s  m C in  our  design  calculations.  For  a 

given  viscosity-temperature  relationship,  a lower  thermal  conductivity  enables  us  to 

/ 

get  to  the  nose  at  a lower  rpm.  This  is  due  to  the  fact  that  a less  conducting  liquid 
requires  a stronger  temperature  gradient  to  conduct  the  heat.  Therefore  the  temper- 
ature in  the  gap  increases  and  hence  the  average  viscosity  falls.  Hence  it  is  possible 
to  generate  a nose  at  a lower  rpm  for  a liquid  with  a lower  thermal  conductivity.  The 
thermal  conductivity  of  polybutene  is  low:  it  is  less  than  half  that  of  water.  This,  in 
fact,  works  in  favor  of  our  design  objective  even  though  we  did  not  consider  it  as  our 
primary  requirement. 

For  a given  fluid,  it  is  possible  to  advance  the  nose  rpm  by  choosing  an  adia- 
batic wall  instead  of  a conducting  wall.  For  a given  rpm,  the  average  temperature  in 
the  gap  is  higher  for  an  adiabatic  inner  wall  as  compared  to  a conducting  inner  wall. 
Therefore,  the  average  viscosity  is  lower.  Thus  it  is  possible  to  get  to  the  nose  at  a 
lower  rpm  with  an  adiabatic  wall  than  with  a conducting  wall.  Therefore,  we  chose 
a wooden  inner  cylinder  which  for  all  practical  purposes  is  adiabatic. 

The  outer  cylinder  was  made  of  Incite.  The  thermal  conductivity  of  Incite, 
kyj  = 0.17  J/s  m °C.  The  thickness  of  the  Incite  wall  used  in  the  experiment,  Aj„  = 
3.17  mm.  We  chose  the  radius  of  the  outer  cylinder,  r2  = 1 inch.  Hence,  the  Biot 
number  of  the  outer  wall,  Bi  = turns  out  to  be  6.19.  The  radius  ratio  was 
chosen  to  be  0.75.^  The  length  of  the  cylinder  was  chosen  to  be  0.34m.  The  length 
to  gap  width  ratio  in  this  experiment  is  54.  This  ensures  that  end  effects  can  be 
neglected. 

Table  8 shows  the  steady  state  torque  vs.  rpm  data  obtained  from  our  exper- 
iment. Along  with  this,  we  also  measured  the  temperature  of  the  ambient  air  close 
to  the  outer  wall  for  every  run.  The  scaled  temperature  rise  Oq  which  we  calculate 


^An  endnote  explains  the  choice  of  this  radius  ratio. 
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Table  8.3:  The  torque  and  the  ambient  temperature  at  various  rpms  in  an  experiment 
with  r2=l  inch,  77  = 0.75,  L=0.34m. 


rpm 

Torque,  Ibf-in 

T 

amb  5 

250 

2.82 

26.0 

300 

2.87 

27.0 

350 

2.95 

27.0 

400 

2.88 

27.5 

450 

2.71 

29.1 

600 

2.70 

30.0 

1000 

2.60 

33.2 

from  the  Kearsley  formula  is  actually  9q  — S{Tq  — Tamb)-  Therefore,  to  unscale  the 
temperature,  the  ambient  temperature,  Tamb)  is  needed. 

The  torquenieter  used  for  the  measurement  in  the  experiment  has  a sensitivity 
of  0.05  Ibf-in.  Now,  when  one  sees  an  experimental  torque  of  2.82  Ibf-in  at  250  rpm, 
it  might  be  puzzling  as  it  would  seem  that  we  have  obtained  torque  data  that  is 
more  accurate  than  what  the  instrument  can  possibly  measure.  However,  it  should 
be  noted  that  the  value  of  the  torque  and  the  ambient  temperature  reported  here  is 
an  average  over  a period  of  time.  For  example,  at  250  rpm  when  one  sees  a reading 
of  2.82  Iby-in,  it  should  be  interpreted  as  the  average  of  the  slight  fluctuations  in  the 
torque  between  2.801bf-in  and  2.851bf-in. 

Next,  let  us  see  how  the  experimental  results  compare  with  the  theoretical 
predictions.  Recall  that  the  scaled  temperature  and  the  wall  speed  are  calculated 
using  the  Kearsley  formulas: 


6>o  = In 


‘2^.2 


2m  r 

_To^  coslr  (mlnr  + a)_ 


Vo  = 2mro  {tanh(a)  — tanh(mlnr  + a)} 


(8.1) 

(8.2) 


respectively,  where  m,  a are  constants  to  be  determined  from  the  boundary  conditions 

on  temperature.^  The  temperature  boundary  conditions  in  this  case  are 

^An  endnote  in  Chapter  2,  2.8.10,  page  69,  discusses  how  rn,  a typically  are  calculated  for  a 
given  boundary  condition. 
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^ = 0 at  r = ?7  and  ^ + Bi^o  = 0 at  r = 1,  where  Bi  is  the  Biot  number.  The 
following  reference  scales  were  used  to  unscale  the  temperature,  velocity  and  torque 


respectively: 


T -1 


V^ef  — ^ / *5/iref 


"^ref 


\Jk^i,e{r^/S 


Now,  there  is  an  important  consideration  when  selecting  a value  of  sensitivity 
for  this  calculation.  Recall  that  the  sensitivity,  8=0.0757  °C  that  we  obtained  based 
on  an  exponential  fit  between  25  °C  and  66  °C  overpredicts  the  viscosity  till  a tem- 
perature of  47  °C  and  underpredicts  it  beyond  47  °C.  This  then  means  that  if  this 
sensitivity  is  used  in  a model  for  this  experiment,  then  for  a given  rpm  we  will  over- 
predict the  torque  till  47  °C  and  underpredict  it  beyond  47  °C.  Now,  to  avoid  such 
an  error  in  a calculation,  for  every  run  we  used  a sensitivity  that  corresponds  to  the 
temperature  range  between  the  ambient  temperature  and  the  maximum  temperature 
for  that  run.  To  do  this  requires  us  to  first  assume  a maximum  temperature  so  as 
to  calculate  the  sensitivity.  Once  the  maximum  temperature  is  determined,  then  the 
sensitivity  is  recalculated  for  this  new  temperature  range.  The  calculation  is  then 
repeated  till  the  sensitivity  that  we  use  indeed  corresponds  to  the  temperature  range 
that  we  determine.  The  reference  viscosity  is  calculated  at  the  ambient  temperature 
for  that  run. 

Figure  8.3  shows  the  plot  of  torque  vs.  rpm  from  an  experiment  with  those 
from  a theoretical  prediction.  This  demonstrates  that  the  backward  bending  base 
curve  of  torque  vs.  rpm  could  be  obtained  by  setting  the  power  as  an  input.  The 
experiment  and  the  theory  agree  reasonably  well  to  suggest  that  it  is  indeed  the  base 
flow  that  we  are  seeing  in  this  experiment  and  the  flow  is  indeed  stable  at  constant 
power  input  under  the  experimental  conditions. 
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Figure  8.3:  Comparison  of  the  experimental  base  curve  of  torque  vs.  rpm  with  the 
theoretical  predictions 
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8.1  Endnotes 

In  the  main  body  of  this  chapter,  we  discussed  how  a suitable  choice  of  a 
liquid  and  a wall  are  important  in  determining  our  objective  of  getting  to  the  nose  at 
a lower  rpm.  In  this  endnote,  we  will  provide  details  about  how  we  addressed  certain 

other  factors  that  are  important  in  this  experiment. 

8.1.1  Check  to  see  whether  the  Experimental  Liquid  is  Newtonian 

The  model  for  our  experiment  assumes  that  the  liquid  is  Newtonian.  In  other 
words,  we  assume  that  the  liquid  is  just  temperature  thinning  and  not  shear  thin- 
ning. To  check  whether  this  is  true,  at  least  under  the  experimental  conditions,^  the 
shear  viscosity  of  the  liquid  was  experimentally  determined  at  various  temperatures. 
Figure  8.4  shows  the  shear  viscosity  plotted  as  a function  of  shear  rate  at  various 
temperatures.  We  find  that  the  shear  viscosity  remains  almost  invariant  with  respect 
to  the  shear  rate.  This  ensures  that  the  liquid  is  Newtonian  under  the  experimental 
conditions. 

8.1.2  The  choice  of  a Radius  Ratio 

In  the  main  body  of  this  chapter,  we  declared  that  the  radius  ratio  chosen  for 
this  experiment  is  0.75.  To  see  why  this  choice  was  made,  first  observe  that  for  a 
constant  viscosity  liquid  in  circular  Couette  flow,  for  a given  rotational  speed  and  a 
given  outer  radius,  r2,  the  torque,  tq  oc  where  r;  is  the  radius  ratio.  Now,  this 
dependence  of  the  torque  on  the  radius  ratio  is  interesting:  it  tells  us  that  as  the 
radius  ratio  approaches  one,  the  torque  shoots  up  drastically.  Not  only  that,  the  rate 
of  change  of  torque  with  respect  to  the  radius  ratio,  ^ oc  goes  up  even  more 

drastically.  Pretending  that  this  behavior  carries  through  even  at  variable  viscosity,^ 
it  has  an  important  consequence  on  an  experimental  design:  A small  machining  error 

has  a more  significant  effect  on  the  torque  at  a higher  radius  ratio  than  at  a lower 

'*The  maximum  expected  rpm  in  our  experiment  2000  rpm  corresponds  to  a shear  rate  of  2000  x 
27t/60~  200  1/s. 

^Our  numerical  calculations  at  variable  viscosity  indeed  suggest  such  a trend 
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Figure  8.4:  Shear  viscosity  vs.  shear  rate  at  various  temperatures. 
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radius  ratio.  For  example,  a 1%  increase  in  the  radius  ratio  increases  the  torque  by 

about  3%  at  0.75  radius  ratio  and  by  11%  at  0.95  radius  ratio.  In  view  of  this,  we 

avoided  higher  radius  ratios  in  our  experiments.  We  chose  a radius  ratio  of  0.75.^ 
8.1.3  Other  Design  Improvements 

In  this  endnote,  we  will  discuss  the  other  significant  design  modifications  that 
we  undertook  to  minimize  any  experimental  error.  In  one  of  the  modifications,  we 
decreased  the  empty  torque  by  employing  precision  bearings.  To  see  why  this  may 
be  important,  observe  that  in  our  experiments,  the  torque  due  to  the  bearing  friction 
has  to  be  subtracted  from  the  total  torque  to  get  the  torque  due  to  the  fluid.  This 
necessitates  a so  called  ’’empty  run  ” which  is  essentially  a run  without  the  fluid.  For 
the  fluid  and  the  geometry  used  in  our  experiment,  the  calculated  torque  due  to  the 
fluid  was  the  order  of  3.00  Ibf-in  whereas  the  empty  torque  was  initially  the  order 
of  2.00  Ibf-in.  As  the  empty  torque  was  of  the  same  order  of  magnitude  as  the  fluid 
torque,  we  believed  that  it  might  obscure  our  measurements.  Therefore,  to  minimize 
the  errors,  we  replaced  the  bearings  by  precision  bearings  which  reduced  the  empty 
torque  by  half,  to  about  1.00  Ibf-in. 

Yet  another  improvement  was  the  use  of  a split-house  bearing.  To  see  how  it 

i 

reduces  error,  observe  that  after  an  empty  run  is  completed,  the  Couette  cylinder  has 
to  be  taken  out  and  filled  with  the  liquid.  When  the  Couette  cylinder  is  re-fitted,  the 
belt  tension  (the  tension  of  the  belt  running  from  the  motor  to  the  Couette  setup) 
may  not  be  same  as  the  tension  when  the  dry  runs  are  taken.  This  might  affect  the 
torque  measurement.  To  overcome  this  problem,  a split-house  for  the  bearings  was 
designed.  With  this  design,  for  the  Couette  cylinder  to  be  removed,  only  the  cap  of 
the  split-housing  has  to  removed.  This  ensures  that  the  belt  tension  stays  constant 
both  for  the  dry  rims  and  for  the  runs  with  the  fluid.  Refer  to  figure  8.5  and  figure 
8.6  for  an  illustration  of  this  design  . 

® Going  to  too  low  a radius  ratio  is  also  not  advisable  as  in  that  case,  the  fluid  torque  gets  too 
low  and  it  can  be  obscured  by  the  torque  due  to  the  bearings. 
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Figure  8.5:  Couette  Cylinder  assembled  in  a split-house  bearing 
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Figure  8.6:  Couette  Cylinder  disassembled  from  a split-house  bearing 
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Figure  8.7:  Illustration  of  a convective  flow  between  a hot  plate  and  a cold  plate. 
8.1.4  Effect  of  Convection 

The  experiment  is  run  with  an  adiabatic  inner  cylinder  and  an  outer  cylinder 
which  transfers  heat  to  the  surrounding.  So,  there  is  a radial  temperature  gradi- 
ent with  the  core  being  hot  and  the  outer  cylinder  cold.  This  temperature  gradient 
induces  a flow  and  if  this  flow  is  signiflcant,  the  assumption  that  the  flow  is  unidirec- 
tional is  not  valid.  To  test  whether  the  flow  due  to  convection  effects  is  significant, 
we  consider  a model  problem  wherein  a fluid  is  placed  between  two  vertical  walls, 
one  hot  and  the  other  cold.  Refer  to  figure  8.7.  We  assume  the  temperature  gradient 
is  just  in  the  y direction  and  solve  for  the  momentum  equation  by  assuming  viscous 
forces  balance  the  buoyancy  forces.  The  solution  is  : 

^ ^ ppgb'^AT 
^ (77^-77)12// 

The  values  of  physical  properties  and  geometry  that  are  relevant  to  our  experiment 
are  substituted  in  this  equation  to  get  an  estimate  of  the  flow  due  to  convection. 
The  density,  p,  at  room  temperature  for  S-2000  is  900  kg  /m\  The  temperature 
coefficient  of  expansion  is  lO-"^/  “^C.  We  choose  a gap  width,  b=  10  mm  which  is 
of  the  same  order  of  magnitude  as  used  in  the  experiment.  Using  the  temperature 
gradient  for  the  highest  rpm  run,  we  choose  AT  = 25  °C.  A viscosity  of  p = 0.5  kg/m 
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Table  8.4:  The  details  of  the  calculation  that  generated  the  base  curve. 


rpm 

Tamb. 

Range  for  S 

S 

(Tamb.)  7 C'P 

T 

max 

Torque,  Ibf-in 

Theo. 

Expt. 

250 

26.0 

25.0-32.0 

0.085 

5190 

30.8 

2.82 

2.82 

300 

27.0 

25.0-37.8 

0.083 

4790 

32.1 

2.86 

2.88 

350 

27.0 

25.0-37.8 

0.083 

4790 

33.6 

2.98 

2.95 

400 

27.5 

25.0-37.8 

0.083 

4597 

34.9 

2.99 

2.88 

450 

29.1 

25.0-37.8 

0.083 

4028 

35.5 

2.82 

2.71 

600 

30.0 

25.0-40.0 

0.083 

3740 

38.9 

2.77 

2.70 

1000 

33.2 

32.0-47.0 

0.077 

2846 

45.6 

2.42 

2.60 

s,  which  is  at  the  highest  temperature  in  the  experiment  is  chosen.  The  chosen  point 

in  the  gap  is  r]  = —0.5.  Substituting  these  values  in  the  equation,  we  obtained  for 

the  velocity  Vz  = 1.4  xl0~^m/s.  We  compared  this  velocity  with  the  linear  velocity 

corresponding  to  200  rpm,  the  lowest  rpm  we  encountered  in  our  experiment.  The 

corresponding  linear  velocity,  at  the  outer  cylinder  is  0.5  m/s.  Thus,  we  see  from  this 

calculation  that  the  effects  of  convection  are  not  significant  in  this  experiment. 

8.1.5  Details  of  the  calculation  of  the  Base  Curve 

In  the  main  body  of  this  chapter,  we  presented  the  results  of  the  calculation 
of  the  base  curve  of  the  torque  vs.  the  rpm.  In  this  endnote,  we  will  present  the 
details  of  the  calculation  which  generated  the  base  curve. 

Table  8.4  presents  the  details  such  as  the  temperature  range  at  which  the 
sensitivity  was  calculated  for  each  run  and  the  calculated  sensitivity  for  that  tem- 
perature range.  In  addition,  the  calculated  maximum  temperature  for  each  run  is 
also  given.  The  wall  viscosity  was  based  at  the  ambient  temperature.  For  exam- 
ple, for  an  rpm  of  250,  the  wall  viscosity  was  calculated  at  26°C  using  the  formula, 
A*26  = fJ'25  X e-o.085x (26-25)  gj^  ]^QQQ^  .^gjj  viscosity  was  calculated 

at  33.2°C  using  the  formula  ^^33.2  = 1^132  x 
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Table  8.5:  The  effect  of  a change  in  the  thermal  conductivity  on  the  calculated  base 
curve 


rpm 

Theo. Torque,  Ibf 

— in  at 

Expt.  Torque,  Ibf  — in 

k = 0.22 

k = 0.242 

k = 0.198 

250 

2.82 

2.85 

2.77 

2.82 

300 

2.86 

2.90 

2.81 

2.88 

350 

2.98 

3.03 

2.93 

2.95 

400 

2.99 

3.04 

2.92 

2.88 

450 

2.82 

2.87 

2.75 

2.71 

600 

2.77 

2.83 

2.70 

2.70 

1000 

2.42 

2.48 

2.34 

2.60 

8.1.6  Sensitivity  of  the  Base  Curve  to  a change  in  the  Physical  Properties 


The  measurement  of  physical  properties  typically  involve  an  error.  In  this 
endnote  we  will  see  how  an  error  in  the  measurement  of  the  physical  properties 
affects  the  calculated  base  curve.  The  properties  in  question  are  the  viscosity  and 
the  thermal  conductivity  of  the  liquid.  As  an  example,  we  will  consider  how  a 10% 
change  in  these  properties  affect  the  base  curve. 

First  let  us  consider  a change  in  the  thermal  conductivity  of  the  liquid.  A 
decrease  in  thermal  conductivity  would  imply  that  for  a given  rpm,  the  temperature 
in  the  gap  must  be  higher  and  consequently  the  viscosity  must  be  lower.  Hence 
the  torque  must  be  lower.  Similarly,  for  an  increase  in  thermal  conductivity,  the 
torque  must  be  higher  for  a given  rpm.  In  our  calculations  earlier,  we  used  a value 
of  A:  = 0.22J/s  m°C.  Table  8.5  shows  how  much  the  calculated  torque  changes  as  the 
thermal  conductivity  of  the  liquid  is  changed  by  10%  holding  the  rpm  fixed. ^ 

Next,  we  will  see  how  a change  in  viscosity  affects  the  calculation  of  the  base 

curve.  If  the  viscosity  increases,  the  torque  increases  for  a given  rpm.  On  the  other 

^Note  that  the  Biot  number,  Bi  = also  changes  as  the  thermal  conductivity  is  changed.  For 
a 10%  increase  in  the  thermal  conductivity  from  0.22  to  0.242,  the  Biot  number  decreases  by  10% 
from  6.19  to  5.63.  Similarly,  for  a 10%  decrease  in  the  thermal  conductivity  from  0.22  to  0.198,  the 
Biot  number  increases  by  10%  from  6.19  to  6.81.  This  fact  was  incorporated  in  this  calculation. 
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Table  8.6:  The  effect  of  a change  in  the  viscosity  on  the  calculated  base  curve 


rpm 

Theo. Torque,  Ibf  — in  with 

Expt.  Torque,  Ibf  — in 

Measured  viscosity 

10  % higher 

10  % lower 

250 

2.82 

3.00 

2.61 

2.82 

300 

2.86 

3.04 

2.67 

2.88 

350 

2.98 

3.16 

2.80 

2.95 

400 

2.99 

3.16 

2.81 

2.88 

450 

2.82 

2.97 

2.65 

2.71 

600 

2.77 

2.90 

2.63 

2.70 

1000 

2.42 

2.52 

2.31 

2.60 

hand,  if  the  viscosity  decreases,  the  torque  decreases  for  a given  rpm.  Table  8.6 

reports  the  torque  value  for  a 10%  change  in  the  viscosity  from  its  measured  value.® 
8.1.7  The  Effect  of  Eccentricity  of  the  cylinders  on  the  calculated  Torque 

The  calculation  of  the  torque  assumes  the  cylinders  are  perfectly  concentric. 
One  might  inquire  how  much  the  torque  changes  if  the  cylinders  are  slightly  eccentric. 
It  turns  out  that  one  can  predict  that  a slight  eccentricity,  e,  where  e is  the  normalized 
distance  between  the  centers  of  the  two  cylinders,  may  affect  the  torque  only  at  order 
or  at  higher  even  powers.  To  see  this,  first  realize  that  the  torque  due  to  eccentric 
cylinders  can  be  written  as  a Taylor  series  expansion  of  the  torque  due  to  concentric 
cylinders.  Now,  realize  that  physically,  for  a given  eccentricity,  e,  no  matter  what 
the  azimuthal  orientation  is,  the  torque  must  be  the  same  as  the  system  does  not 
differentiate  between  the  infinite  possible  azimuthal  orientations  for  a given  e.  This 
then  means  that  there  must  be  no  contribution  to  the  torque  at  order  e,  or  for  that 
matter,  any  odd  powers  of  e.  Thus  a 1%  eccentricity  can  affect  the  torque  at  best  by 
0.01%. 


®In  this  calculation,  we  have  assumed  that  the  change  in  viscosity  is  uniformly  10%  for  all 
temperatures.  Therefore,  the  sensitivity  in  this  calculation  remains  the  same  as  before. 


CHAPTER  9 
CONCLUSIONS 


The  main  aim  of  this  thesis  was  to  answer  the  following  questions  about  the 
Couette  flow  of  a temperature-thinning  liquid:  (i)  Can  we  understand  the  stability 
of  this  flow  under  various  imposed  conditions?  (ii)  What  is  the  input  variable  when 
an  experiment  is  run  to  obtain  this  flow?  In  this  concluding  chapter,  we  will  present 
the  important  results  that  helped  us  to  answer  these  questions.  Alongside  this,  we 
will  also  present  some  other  interesting  results  which  were  obtained  on  the  way  to 
answering  these  central  questions. 

To  understand  the  stability  of  the  flow  required  us  to  first  understand  the 
base  state  about  which  perturbations  are  made.  In  doing  this,  we  inquired  when  a 
nose  ought  to  occur  in  the  base  curve  and  specifically  its  dependence  on  the  fluidity- 
temperature  relationship.  And  to  analyze  this,  we  introduced  an  eigenvalue  problem 
which  is  the  homogeneous  part  of  the  equation  that  defines  the  rate  of  change  of 
temperature  in  the  gap  as  a function  of  the  shear  stress.  We  defined  a nose  on  the 
base  curve  as  a point  at  which  the  leading  eigenvalue  from  this  problem  is  equal  to 
the  wall  stress.  This  definition  was  motivated  by  a calculation  for  linear  fluidity, 
which  is  straightforward.  For  this  case,  we  found  out  from  our  calculations  that  the 
fundamental  eigenvalue,  7t/2,  is  equal  to  the  wall  stress  at  the  nose.  We  then  showed 
that  this  definition  should  carry  over  to  general  fluidity-temperature  relationships. 
Further,  we  obtained  an  equation  that  defines  how  the  eigenvalues  change  with  a 
change  in  the  wall  stress.  This  equation  turned  out  to  be  dependent,  as  one  would 
expect,  on  the  fluidity-temperature  relationship.  We  first  looked  at  fluidities  that 
increase  with  an  increase  in  temperature.  For  these  fluidities,  we  found  out,  based 
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on  this  equation,  that  a nose  arises  if  /q  > 0 where  /q  is  the  second  derivative  of 
fluidity  with  respect  to  temperature.  Thus  we  concluded  that  linear  fluidity  should 
lie  at  the  edge  of  base  curves  that  bend  backward.  Lastly,  we  also  studied  fluidities 
that  decrease  with  an  increase  in  temperature.  We  were  able  to  prove  that  for  these 
fluidity  types,  a nose  does  not  arise  at  all.  An  interesting  result  on  the  shape  of  the 
base  curve  was  obtained  for  a fluidity  that  decreases  exponentially  with  temperature. 
In  this  case,  we  found  out  that  there  is  an  upper  bound  on  the  wall  speed  and  all 
values  of  wall  shear  stress  between  zero  to  infinity  are  contained  within  this  upper 
bound. 

Now,  in  a Couette  flow  experiment,  one  can  visualize  setting  either  the  wall 
stress  or  the  wall  speed  as  an  input,  at  least  on  paper.  This  led  us  to  ask  whether 
the  stability  behaviour  in  Couette  flow  depends  on  what  we  set  as  an  input.  In 
thinking  about  this,  we  had  a picture  argument  that  explained  why  perturbations 
at  constant  wall  stress  linger  longer  than  perturbations  at  constant  wall  speed.  This 
argument  was  based  on  the  decay  of  velocity  disturbances  alone  and  it  was  based 
on  the  observation  that  at  constant  wall  speed,  there  is  a momentum  sink  on  both 
the  boundaries  while  at  constant  wall  stress,  only  one  boundary  has  a momentum 
sink  and  the  other  boundary  is  adiabatic  to  momentum.  Therefore  a perturbation 
lingers  longer  at  constant  wall  stress  as  compared  to  constant  wall  speed.  To  check 
the  prediction  from  this  simplified  picture  that  ignores  temperature  disturbances,  we 
carried  out  a stability  calculation  under  these  two  conditions.  The  calculation  not 
only  told  us  that  perturbations  linger  longer  at  constant  wall  stress  as  compared  to 
constant  wall  speed  but  also  told  us  that  the  upper  branch  actually  goes  unstable  at 
constant  wall  stress  whereas  it  is  stable  at  constant  wall  speed. 

The  stability  results  that  we  obtained  above  is  independent  of  the  Prandtl 

number^  i.e.,  constant  wall  stress  is  always  more  unstable  than  constant  wall  speed 
^excluding  the  case  of  Pr  = 0 in  which  case  there  is  no  upper  branch,  anyway. 
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and  the  upper  branch  is  always  unstable  at  constant  wall  stress-  no  matter  what  the 
Prandtl  number  is.  This  was  interesting  and  this  led  us  to  inquire  about  the  role  of 
Prandtl  number  in  the  stability.  Now,  by  definition,  Prandtl  number  is  the  ratio  of 
momentum  diffusivity  to  thermal  diffusivity.  Hence,  one  would  presume  that  in  this 
flow  where  the  thermal  and  mechanical  disturbances  are  coupled,  that  at  low  Prandtl 
numbers,  the  mechanical  disturbances  must  dominate  and  at  high  Prandtl  numbers, 
the  thermal  disturbances  must  dominate.  With  this  presumption,  we  performed  a 
calculation  for  the  rate  of  change  of  eigenvalues  with  respect  to  Prandtl  number.  We 
learned  that  at  low  Prandtl  numbers,  the  eigenvalues  are  independent  of  Prandtl 
number  and  at  high  Prandtl  numbers,  the  eigenvalues  varied  inversely  with  respect 
to  the  Prandtl  number.  This  was  good  to  know  as  it  agreed  with  what  we  expected. 
This  however  raised  the  question;  Can  one  declare  what  is  a high  Prandtl  number 
limit  and  what  is  a low  Prandtl  number  limit  it  a priori?  To  answer  this  question, 
we  realized  that  it  is  the  minimum  viscosity  of  the  fluid  in  the  gap  that  determines 
the  rate  of  decay  of  mechanical  disturbances,  and  hence  we  corrected  our  definition  of 
Prandtl  number  by  multiplying  it  by  the  minimum  viscosity  of  the  liquid  in  the  gap. 
Based  on  the  modification  of  Prandtl  number,  we  discovered  that  the  rate  of  decay 
of  perturbations  roughly  follow  a pattern:  when  the  modified  Prandtl  number  is  less 
than  one  then  the  decay  is  mechanically  dominated  in  the  sense  that  a change  in 
Prandtl  number  does  not  change  the  eigenvalues.  On  the  other  hand,  if  the  modified 
Prandtl  number  is  greater  than  one,  the  decay  is  thermally  dominated  in  the  sense 
that  the  change  in  Prandtl  number  changes  the  eigenvalues  significantly.  Based  on 
this  observation,  we  concluded  that  Prandtl  number,  when  defined  based  on  the 
minimum  viscosity,  is  a good  guide  to  decide  what  is  the  controlling  mode  for  the 
decay  of  disturbances.  Lastly,  we  tried  to  see  whether  we  could  mathematically  prove 
our  intuitive  notion  that  a low  Prandtl  number  corresponds  to  a purely  mechanical 
problem  and  a high  Prandtl  number  corresponds  to  a purely  thermal  problem.  To 
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do  this,  we  came  up  with  a new  scaling  law  that  used  a velocity  scale  that  is  based 
on  the  specific  heat.  We  applied  the  Pr  = 0 and  Pr  — oo  limit  on  the  scaled 
equations  that  arise  out  of  this  scaling.  At  Pr  — ^ 0,  the  result  was  in  tune  with 
what  we  expected:  we  recovered  the  purely  mechanical  problem.  At  the  other  limit, 
Pr  oo,  we  learned  that  when  we  impose  constant  wall  stress  boundary  conditions, 
the  perturbed  temperature  equations  look  identical  to  the  perturbed  temperature 
equations  in  the  thermal  ignition  problem.  However,  the  perturbed  velocity  does  not 
become  equal  to  zero  even  in  this  limit.  Thus  we  did  not  recover  the  purely  thermal 
problem  in  the  limit  Pr  oo. 

The  realization  that  power  is  the  input  variable  and  the  wall  speed  and  the 
wall  stress  are  both  output  variables  was  another  important  result.  To  see  why 
this  seemingly  straightforward  observation  was  elusive  initially,  our  initial  view  point 
about  this  experiment  may  be  worth  mentioning  once  more.  We  initially  thought 
that  one  can  run  an  experiment  in  Couette  flow  holding  the  speed  on  the  moving 
plate  to  be  fixed  or  the  shear  stress  on  the  moving  plate  to  be  fixed.  In  other  words, 
we  believed  that  either  the  wall  speed  or  the  wall  shear  stress  could  be  an  input 
variable.  However,  the  shape  of  the  base  curve  threw  some  doubts  on  this  view:  For 
example,  in  a wall  speed  vs.  wall  stress  curve  that  is  double- valued,  setting  a wall 
stress  as  an  input  would  lead  to  this  question:  ”if  we  input  a wall  stress,  which  of 
the  two  wall  speeds  will  be  the  output?”  To  resolve  these  questions,  we  performed 
a stability  calculation.  We  expected  the  stability  results  to  tell  us  whether  either 
variable  had  a priority.  And  they  did.  The  result  was  this:  The  entire  base  curve  is 
stable  at  constant  wall  speed  and  the  upper  branch  is  unstable  at  constant  wall  stress. 
This  made  us  conclude  that  in  this  flow  that  wall  speed  is  the  input  variable  and  the 
wall  stress  is  an  output  variable.  This  then  was  our  view  to  begin  with.  We  wanted 
to  run  an  experiment  to  verify  this  view  point.  The  objective  of  an  experiment  was 
this:  Setting  the  wall  speed,  we  wanted  to  see  whether  we  could  trace  the  base  curve. 
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This  would  then  prove  that  the  wall  speed  is  the  input.  And  then,  setting  the  wall 
stress  at  a point  on  the  upper  branch,  we  wanted  to  see  experimentally  whether  the 
flow  jumps  to  the  lower  branch.  This  would  then  prove  that  the  wall  stress  is  not  an 
input  variable,  but  only  an  output.  There  was  a nagging  difficulty,  however,  with  this 
view.  This  appeared  when  we  considered  fluidities  that  decrease  with  an  increase  in 
temperature.  In  particular,  when  we  considered  the  case  of  a fluidity  that  decreased 
exponentially  with  an  increase  in  temperature,  i.e.,  /o  = e~^°,  we  discovered  that  the 
wall  speed  vs.  wall  stress  curve  in  this  case  has  an  npper  bound  on  the  wall  speed.  For 
this  case,  we  cannot  set  all  values  of  wall  speed  as  an  input.  Our  choice  is  constrained 
by  the  upper  bound  on  the  wall  speed.  So,  we  asked  ourselves  ’’Will  we  change  our 
opinion  on  what  an  input  variable  is  based  on  this?”  Indeed  if  we  do,  the  conclusion 
would  then  be  that  the  choice  of  an  input  variable  and  an  output  variable  hinge  on 
the  fluidity-temperature  relationship.  And  this  is  an  unacceptable  conclusion  as  one 
cannot  imagine  the  fluid  dictating  what  ought  to  be  an  input.  In  trying  to  resolve 
this  difficulty,  we  began  thinking  about  how  experiments  are  really  run  to  obtain  this 
flow.  We  eventually  learned  that  the  power  to  shear  the  fluid  is  indeed  the  input 
in  the  sense  that  to  obtain  a wall  speed  or  a wall  shear  stress  we  actually  put  in 
power.  Both  the  wall  speed  and  the  wall  stress,  which  we  initially  considered  to 
be  input  variables,  are  in  fact,  output  variables.  Further,  a stability  calculation  at 
constant  power  told  us  that  the  entire  base  curve  is  stable  at  constant  power.  Thus 
we  concluded  that  the  entire  base  curve  could  be  obtained  setting  the  power  as  an 
input.  And  this  view  point  would  not  create  any  difficulty  if  the  fluidity-temperature 
relationship  is  changed! 

Now  in  a real  experiment,  the  power  is  not  directly  sent  into  the  fluid  but 
to  a plate  that  shears  the  fluid.  Therefore,  we  had  to  later  generalize  the  stability 
calculation  at  constant  power  by  incorporating  the  finite  mass  of  the  plate.  This 
calculation  told  us  that  as  the  mass  of  the  plate  approaches  infinity,  the  dynamics 
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of  the  flow  approaches  that  of  the  constant  wall  speed  conditions.  This  result  was 
in  fact  verified  by  performing  a Taylor-Couette  instability  experiment.  The  onset  of 
centrifugal  instability  as  the  inner  cylinder  is  rotated  and  the  outer  cylinder  is  held 
fixed  was  observed  in  an  experiment  for  a given  fluid  and  for  a known  geometry.  Then 
the  expected  onset  of  instability  was  calculated  using  linear  stability  theory  imposing 
(l)constant  wall  speed  boundary  condition  and  (2)  constant  power  condition  on  the 
rotating  inner  cylinder.  We  found  out  that  the  prediction  from  the  theoretical  calcu- 
lations matched  the  experiments  for  the  boundary  conditions  of  constant  wall  speed 
even  though  we  were  performing  the  experiments  at  constant  power.  We  reasoned 
that  it  is  the  large  mass  of  the  cylinder  as  compared  to  the  fluid  that  makes  the 
dynamics  approach  that  of  constant  wall  speed  conditions. 

Consequent  to  the  realization  that  the  power  is  the  input  variable  in  this  flow, 
we  asked  whether  we  could  still  see  the  shear  instability  by  controlling  the  power  to 
hold  the  wall  stress  fixed.  The  answer  turned  to  be  negative  based  on  a thought- 
experiment.  In  this,  we  first  imposed  a perturbation  on  the  wall  stress  holding  the 
power  to  the  fluid  fixed.  A perturbation  that  increases  the  wall  speed  should  therefore 
decrease  the  wall  stress  and  vice-versa.  As  a response  to  the  imposed  perturbation, 
the  power  to  the  fluid  was  adjusted  so  as  to  bring  the  wall  stress  back  to  the  set  point. 
Then  the  flow  was  run  at  constant  power  till  the  wall  stress  starts  to  move  once  again 
away  from  the  set  point.  Now,  the  short  time  response  of  the  flow  at  constant  power 
need  not  be  identical  to  its  long  time  response  which  is  always  towards  its  steady 
state.  Based  on  this  observation,  we  learned  that  the  response  of  the  flow  for  the 
above  sequence  of  steps  not  only  depends  on  the  nature  of  the  initial  perturbation 
but  also  on  the  short  time  response  of  the  flow  at  constant  power.  We  considered  four 
possible  scenarios  based  on  the  different  combinations  of  the  initial  perturbation  and 
the  short  time  behaviour  at  constant  power.  We  found  that  in  only  one  of  these  four 
possible  scenarios  does  the  flow  go  from  the  upper  branch  to  the  lower  branch.  And 
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that  too  not  in  a way  as  we  initially  conjectured.  We  initially  believed  that  when  the 
wall  stress  is  held  constant  on  the  upper  branch,  the  flow  jumps  to  the  lower  branch. 
That  conclusion  was  based  on  treating  the  wall  stress  as  an  input.  However,  as  the 
wall  stress  is  reality  an  output  and  its  dynamics  is  dictated  by  the  fluid  properties, 
we  eventually  concluded  that  even  if  the  flow  goes  to  the  lower  branch,  it  will  not  be 
an  abrupt  jump  but  a slow  change. 

In  conclusion,  in  this  thesis,  the  physics  of  the  stability  of  Couette  flow  of 
a temperature-thinning  fluids  under  various  imposed  restrictions  has  been  explored, 
explained,  analyzed  and  delineated.  The  input  variable  and  the  output  variables  in  a 
Couette  flow  experiment  have  been  identified:  Such  experiments  are  run  with  power 
being  the  input  and  torque  and  the  rpni  being  the  output. 
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